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1 Introduction 

This paper is dedicated to the study of deformations of coassociative 4-folds in a 
G2 manifold which have conical singularities. Understanding the deformations 
of such singular coassociative 4-folds should be a useful step towards attempting 
to prove a 7-dimensional analogue of the SYZ conjecture. The research detailed 
here is motivated by the work on the deformation theory of special Lagrangian 
m- folds with conical singularities by Joyce in the series of papers jS], [7], |H1j El 
and JU|> an d the work of the author in on deformations of asymptotically 
conical coassociative 4-folds. 

We begin, in Section|3 by discussing the notions of G2 structures, G2 man- 
ifolds and coassociative 4-folds. In Section [21 we introduce a distinguished class 
of singular manifolds known as CS manifolds. CS manifolds have conical singu- 
larities and their nonsingular part is a noncompact Riemannian manifold. We 
also define what we mean by CS coassociative 4-folds. 

In order that we may employ various analytic techniques in the course of 
our study, we choose to use weighted Banach spaces of forms on the nonsingular 
part of a CS manifold. These spaces are described in 21 We then focus, in 
Section [SJ on a particular linear, elliptic, first-order differential operator acting 
between weighted Banach spaces in the case of a 4-dimensional CS manifold. 
The Fredholm and index theory of this operator is discussed using the theory 
developed in |T3) . 

In Section [5] we stratify the types of deformations allowed into three prob- 
lems, each with an associated nonlinear first-order differential operator whose 
kernel gives a local description of the moduli space. The main result for each 
problem, given in §3 states that the moduli space is locally homeomorphic to 
the kernel of a smooth map between smooth manifolds. In each case, the map 
in question can be considered as a projection from the infinitesimal deforma- 



tion space onto the obstruction space. Thus, when there are no obstructions the 
moduli space is a smooth manifold. Furthermore, using the material in ||5]helps 
to provide a lower bound on the expected dimension of the moduli space. 

The last section shows that, in weakening the condition on the G2 structure 
of the ambient 7-manifold, there is a generic smoothness result for the moduli 
spaces of deformations corresponding to our second and third problems. 

Notes 

(a) Manifolds are taken to be nonsingular and submanifolds to be embedded, 
for convenience, unless stated otherwise. 

(b) We use the convention that the natural numbers N = {0, 1,2,.. .}. 

2 Coassociative 4-folds 

The key to defining coassociative 4-folds lies with the introduction of a distin- 
guished 3- form on M 7 . 

Definition 2.1 Let (x\, . . . ,x 7 ) be coordinates on M. 7 and write dxij,,,k for the 
form dxi A dxj A ... A dxk ■ Define a 3-form <po by: 

ip = rfxi2 3 + (2X145 + dx 167 + rfx 24 6 - dx 257 - dx 3i7 - cfoC35 6 . (1) 

The 4- form *ipo, where ipo and *ifo are related by the Hodge star, is given by: 

*tp = dx 4567 + (2X2367 + (2X2345 + dx 1357 - dx 1346 - (2X1256 - (2X1247- (2) 

Our choice of expression for (po follows that of 5, Chapter 10]. This form is 
sometimes known as the G2 3-form because the Lie group G2 is the subgroup 
of GL(7,R) preserving ipo. 

Definition 2.2 A 4-dimensional submanifold N of R 7 is coassociative if and 
only if (Po\n = and *lpo\n > 0. 

This definition is not standard but is equivalent to the usual definition in the 
language of calibrated geometry by Proposition IV. 4. 5 & Theorem IV.4.6]. 

Remark The condition (Pq\n = forces *</?o to be a nonvanishing 4- form on 
N. Thus, the positivity of *</5o|jv is equivalent to a choice of orientation on N. 

So that we may describe coassociative submanifolds of more general 7- 
manifolds, we make two definitions following |] p. 7] and p. 243]. 
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Definition 2.3 Let M be an oriented 7-manifold. For each x € M there exists 
an orientation preserving isomorphism t x : T X M — > K 7 . Since dim G2 = 14, 
dim GL+ (T X M) = 49 and dmih?T*M = 35, the GL+{T X M) orbit of t*(y> ) in 
A 3 T*Af , denoted A^_T*M, is open. A 3-form <p on M is definite, or positive, if 
Vlx^M G Ai]_T*A/ for all 2: € M. Denote the bundle of definite 3-forms K\T*M. 
It is a bundle with fibre GL + (7, R)/ G2 which is not a vector subbundle of 
A 3 T*M. 

Essentially, a definite 3-form is identified with the G2 3-form on R 7 at each 
point in M. Therefore, to each definite 3-form tp we can uniquely associate a 
4-form *ip and a metric g on M such that the triple (</?, *p>, g) corresponds to 
(po, *ipo,go) at each point. This leads us to our next definition. 

Definition 2.4 Let M be an oriented 7-manifold, let p be a definite 3-form on 
M and let g be the metric associated to ip. We call (ip, g) a G2 structure on M. 
If ^ is closed (or coclosed) then (ip, g) is a closed (or coclosed) G2 structure. A 
closed and coclosed G2 structure is called torsion-free. 

Our choice of notation here agrees with 

Remark There is a 1-1 correspondence between pairs (<p,g) and principal G2 
subbundles of the frame bundle. 

Our definition of torsion-free G2 structure is not standard, but agrees with 
other definitions by the following result [T91 Lemma 11.5]. 

Proposition 2.5 Let (p,g) be a G2 structure and let V be the Levi-Civita 
connection of g. The following are equivalent: 

dp = d*p = 0; V</J = 0; and Hol(g) C G2 with p as the associated 3-form. 

Definition 2.6 Let M be an oriented 7-manifold endowed with a G2 structure 
(p,g), denoted (M,p,g). We say that (M,p,g) is a p-closed, or p-coclosed, 
7-manifold if [tp, g) is a closed, respectively coclosed, G2 structure. If (tp, g) is 
torsion-free, we call (M, p, g) a G2 manifold. 

We are now able to complete our definitions. 

Definition 2.7 A 4-dimensional submanifold N of (M,tp,g) is coassociative if 
and only if p\m = and *p\n > 0. 

We end this section with a result, which follows from 16, Proposition 4.2], 
that is invaluable in describing the deformation theory of coassociative 4-folds. 
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Proposition 2.8 Let N be a coassociative J^-fold in (M,tp,g). There is an 
isomorphism between the normal bundle v(N) of N in M and A^_T*iV given by 
«(->(«■ <^)|tat- 

3 Conical singularities 
3.1 CS manifolds 

Definition 3.1 Let M be a connected Hausdorff topological space and let 
z\,...,z s S M. Suppose that M — M \ {z\, . . . , z s } has the structure of a 
(nonsingular) n-dimensional Riemannian manifold, with Riemannian metric g, 
compatible with its topology. Then M is a manifold with conical singularities 
(at Z\ , . . . , z s with rate A) if there exist constants e > and A > 1 , a compact 
(n— l)-dimensional Riemannian manifold (Si, hi), an open set U 3 Zi in M with 
U l n Uj = for j ^ i and a diffeomorphism * 4 : (0, e) x Si -> Ui \ {z t } C M, 
for i — 1, . . . , s, such that 

|V^'(**(9)-.9,)l=0(r t A - 1 ^) forjGNasr^O, (3) 

where r, is the coordinate on (0, oo) on the cone Ci = (0, oo) x Sj, g, L = drf+rfhi 
is the conical metric on Ci, Vi is the Levi-Civita connection derived from gi 
and . | is calculated using gi. We call Ci the cone at the singularity z, and let 
the ends of M be the disjoint union 

s 

Moo = \_\Ui\ {zi}. 

i=l 

We say that M is C5 or a CS manifold (with rate A) if it is a manifold with 
conical singularities which have rate A and it is compact as a topological space. 
In these circumstances it may be written as the disjoint union 

s 

M = Ku\_\Ui, 

i=l 

where K is compact as it is closed in M. 

The condition A > 1 guarantees that the metric on M genuinely converges 
to the conical metric on Ci, as is evident from Since M is supposed to 
be Hausdorff, the set Ui \ {z^ is open in M for all i. Moreover, the condition 
that the Ui are disjoint may be easily satisfied since, if i ^ j, Zi and Zj may be 
separated by two disjoint open sets and, by hypothesis, there are only a finite 
number of singularities. 
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Remark If M is a CS manifold, M is a noncompact manifold. 

Definition 3.2 Let M be a CS manifold. Using the notation of Definition 13. II 
a radius function on M is a smooth function p : M — » (0, 1], bounded below by 
a positive constant on M \ Moo such that there exist positive constants ci < 1 
and C2 > 1 with 

cir, < **(/?) < c 2 fi 

on (0, e) x Ej for i = 1, . . . , s. 

If M is CS we may construct a radius function on M as follows. Let p(x) = 1 
for all x £ M\M oa . Define p t : *i((0, e/2) x Ej) -> (0, 1) to be equal to r 4 /e for 
i = 1, . . . , s and then define p by interpolating smoothly between its definition 
on M \ Moo and pi on each of the disjoint sets ^j((e/2, e) x E^). 

3.2 CS coassociative 4-folds 

Let B(0; rj) denote the open ball about in R 7 with radius r\ > 0, i.e. -B(0; 77) = 
{v E R 7 : |v| < r/}. We define a preferred choice of local coordinates on a G2 
manifold near a finite set of points. 

Definition 3.3 Let (M, ip, g) be a G2 manifold as in Definition 12.61 and let 

Zi, . . . , z s be points in M. There exist a constant r\ > 0, an open set Vi 3 z% 
in M with Vi Pi Vj — for j ^ j and a diffeomorphism \i '■ B(0; rf) C R 7 — > Vi 
with Xi(0) = Zi, for i = l,...,s, such that Q = dxi\o ■ R 7 — * T Zi M is an 
isomorphism identifying the standard G2 structure (^Oj So) on M with the pair 
("^I^.m^It^m)- We call the set {xi : B(0;r]) Vi : i = 1, . . . , s} a G 2 
coordinate system near Zi, . . . ,Z S . 

We say that two G2 coordinate systems near zi , . . . , z s , with maps Xi an( i 
Xi for i = 1, . . . , s respectively, are equivalent if dxi|o = ^Xilo = Ci f° r au 

The definition above is an analogue of the local coordinate system for almost 
Calabi-Yau manifolds used by Joyce Definition 3.6]. Although the family 
of G2 coordinate systems near zi, . . . , z s is clearly infinite-dimensional, there 
are only finitely many equivalence classes, given by the number of possible sets 
{Ci, ■ ■ ■ , Cs}- Moreover, the family of choices for each Q is isomorphic to G2. 

Note Definition 13 .31 does not require the G2 structure (<p,g) to be torsion-free. 

Definition 3.4 Let (M,ip,g) be a G2 manifold, let N C M be compact and 
connected and let Z\, . . . , z s € N. We say that N is a 4- fold in M with conical 
singularities at z\, . . . , z s with rate A, denoted a CS 4~fold, if N = N\{zi, . . . , z s } 
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is a (nonsingular) 4-dimcnsional submanifold of M and there exist constants 
< e < 77 and A > 1, a compact 3-dimensional Riemannian submanifold (Sj, hi) 
of iS 6 CI 7 , where hi is the restriction of the round metric on S 6 to E,-, an open 
set Ui 3 Zi in TV with U l C V* and a smooth map $i : (0, e) x S» — > S(0; 77) C K 7 , 
for i = 1, . . . , s, such that = Xi ^; : (0, e) x — > £A\{ Z »} is a diffeomorphism 
and $j satisfies 

^^•(ri.o-O-ti^o-O)! =0(r^ _i ) for j e N as r, -» 0, (4) 

where ii(ri,<Ti) = ^(7^ € 5(0; 77), V, is the Levi-Civita connection of the cone 
metric gi — drf + rfhi on d = (0, 00) x Sj coupled with partial differentiation 
on R 7 , |.| is calculated with respect to gi and {\i ■ B(0; r}) — * Vi : i = 1, . . . , s} 
is a G2 coordinate system near Z\,...,z s . 

We call Ci the cone at the singularity Z{ and Si the link of the cone Ci. We 
may write JV as the disjoint union 

s 

N = KU[_\U 1 , 

i=i 

where K is compact. 

If N is coassociative in M, we say that N is a C5 coassociative J^-jold. 

Suppose N is a CS 4-fold at Z\,...,z s with rate A in (M, <p,g) and use the 
notation of Definition 13.41 The induced metric on AT, g\^ f> makes N into a 
Riemannian manifold. Moreover, it is clear from @ that the maps ^i satisfy 
iJSJ in Definition 13. II with the same constant A. Thus, TV may be considered as 
a CS manifold with rate A. 

It is important to note that, if A S (1,2), Definition 13.41 is independent of 
the choice of G2 coordinate system near the singularities, up to equivalence. 
Suppose we have two equivalent coordinate systems defined using maps Xi an d 
Xi- These maps must agree up to second order since the zero and first order 
behaviour of each is prescribed, as stated in Definition 13.31 Therefore, the 
transformed maps <I>i corresponding to Xi such that \Pi = Xi = Xi = 
are defined by: 

*» = (Xi 1 ° Xi) ° *<• 

Hence 

IVUMn^i) - $M,^))\ = 0(r*- j ) for j € N as n -» 0, 

where Vi and |.| are calculated as in Definition ^. 41 Thus, in order that the terms 
generated by the transformation of the G2 coordinate system neither dominate 
nor be of equal magnitude to the 0(r^ - "' ) terms given in J3J, we need A < 2. 
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We now make a definition which also depends only on equivalence classes of 
G2 coordinate systems near the singularities. 

Definition 3.5 Let N be a CS 4-fold at Zi, . . . , z 8 in a G2 manifold (M, ip, g). 
Use the notation of Definitions 13 .31 and 13 .41 For i = 1, . . . , s define a cone Ci in 
T Zi M by Ci = (Ci o tj)((7,). We call Cj the tangent cone at Zj. 

One can show that Ci is a tangent cone to N at Zi in the sense of geometric 
measure theory (see, for example, p. 233]). We also have a straightforward 
result relating to the tangent cones at singular points of CS coassociative 4-folds. 

Proposition 3.6 Let N be a CS coassociative J^-fold at z\, ■ ■ ■ , Z s in a G2 man- 
ifold (M, <f,g). The tangent cones at zi, . . . , z s are coassociative. 

Proof. Use the notation of Definitions 13.31 and 13.41 

It is enough to show that Li(Ci) is coassociative in R 7 for all i, since Ci : 
M 7 — > T Zi M is an isomorphism identifying (ipo,go) with (<p\t z . m , g\r z . m) ■ This 
is equivalent to the condition t*(ipo) = for i = 1, . . . , s. 

Note that = implies that, for all i, V>\uA{zi} = 0- Hence, ^*((f) = 

(%*(¥>)) vanishes on d for all i. Using Q, 

mx*(<p)) <.*(X*(<P))\ = Oirt 1 ) as n - 
for all i. Moreover, 

k*(Xi(v))-ii(W))| = 0(r») aeri-fO 

since 

= <Po + 0(r, ; ) and |Vi;| = O(l) as -» 0. 
Therefore, because A > 1, 

k*(^o)| Q as n -> 

for all i. As T ri(Ti ii(Ci) — T ai Li(Ci) for all (rj,(Ti) 6 Ci, |t*(v?o)| is independent 
of ri and thus vanishes for all i as required. □ 

4 Weighted Banach spaces 

For this section let M be an n-dimensional CS manifold and let M be its non- 
singular part as in Definition 13.11 We define weighted Banach spaces of forms 
as in TJ §1], as well as the usual 'unweighted' spaces. 



7 



Definition 4.1 Let p > 1 and let fc,m e N with m < n. The Sobolev space 
L^,(A m T* M) is the set of m-forms (onM which are k times weakly differen- 
tiable and such that the norm 

is finite. The normed vector space L p k (A m T* M) is a Banach space for all p > 1 
and L 2 k (A m T*M) is a Hilbert space. 
We introduce the space of m-forms 

LiioM m T*M) = U : /€ G Ll(A m T*M) for all/ e C~(M)} 

where C™(M) is the space of smooth functions on M with compact support. 

Let /i G M and let p be a radius function on M . The weighted Sobolev space 
L p k ^(A m T*M) of m-forms £ on M is the subspace of L\ loc (A m T*M) such that 
the norm 

iieiu^ = (j2 f A i^'^v^rp-"^ (6) 

is finite. Then L\ (A m T*M) is a Banach space and L 2 k ^(A m T*M) is a Hilbert 
space. 

We may note here, trivially, that Lq(A" 1 T*M) is equal to the standard L p - 
space of m-forms on M. Further, by comparing equations and © for the 
respective norms, L p (A m T*M) = L p _„ (A m T*M). In particular, 

' P 

L 2 (A m T*M) = Ll_n(A m T*M). (7) 

For the following two definitions we take C£ c (A m T*Af) to be the vector 
space of k times continuously differentiable m-forms. 

Definition 4.2 Let p be a radius function on M, let p e R and let k, m G N 
with m < n. The weighted C k -space C^(A m T*M) of m-forms £ on M is the 
subspace of C 1 fe oc (A m T*M) such that the norm 

k 

||£]] c *=£ S up|p^V^| 

is finite. We also define 

C™(A m T*M) = p| C*{A m T*M). 

k>0 
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Then C k (A m T*M) is a Banach space but in general C™(A m T*M) is not. 

In the next definition we refer to the usual normed vector space C k (A m T*M) 
of k times continuously differentiable m-forms such that the following norm is 
finite: 

k 

||£||c*=I>p|V^|. 

1= M 

Definition 4.3 Let d(x,y) be the geodesic distance between points x,y E M 
and let p be a radius function on M. Let a E (0, 1) and let k,m E N with 
m < n. Let 

H = {(x, y) E M x M : x ^ y, C\p{x) < p(y) < c^pix) and 

there exists a geodesic in M of length d(x, y) from x to y}, 

where < c\ < 1 < C2 are constant. A section s of a vector bundle V on M , 
endowed with a connection, is Holder continuous (with exponent a) if 

w a = sup <00 . 

We understand the quantity |s(a;) — s(y)|v as follows. Given (a;,y) G -ff, there 
exists a geodesic 7 of length d(x,y) connecting x and y. Parallel translation 
along 7 using the connection on V identifies the fibres over x and y and the 
metrics on them. Thus, with this identification, \s(x) — s(y)\v is well-defined. 

The Hdlder space C k ' a {A m T*M) is the set of £ E C k {A m T*M) such that 
V fe £ is Holder continuous (with exponent a) and the norm 

ll£llc-Hieilc- + [v fe £] a 

is finite. The normed vector space C k ' a (A m T*M) is a Banach space. 
We also introduce the notation 

Ct c a (A m T*M) 

= {£ e <7f oc (A m T*M) : /£ e C k ' a (A m T*M) for all/ e C C ^(M)}. 

Let p E R. The weighted Hdlder space C k - a (A m T*M) of m-forms £ on M 
is the subspace of C^(A m T*M) such that the norm 

llell^a = ll^ll^ + [^'° 

is finite, where 
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Then C k ' a (A m T*M) is a Banach space. It is clear that we have an embedding 
^'"(ATM) ^ Cl(A m T*M) whenever I < k. 

We shall need the analogue of the Sobolev Embedding Theorem for weighted 
spaces, which is adapted from |141 Lemma 7.2] and ^ Theorem 1.2]. 

Theorem 4.4 (Weighted Sobolev Embedding Theorem) Let p, q > 1. 

a G (0, 1), and fc, I, m G N with m < n. 

(a) Ifk>l,k-*>l-2 and either 

(i) P < 9 fwirf n~>v or 

(ii) p > q and fi > i/, 

i/iere is a continuous embedding L\ ^(A m T*M) ^ L\ v (A m T*M). 

(b) If k — ^ > I + a, there is a continuous embedding L p k fi (A m T* M) > 
Ch a {K m T*M). 

We shall also require an Implicit Function Theorem for Banach spaces, which 
follows immediately from |121 Chapter 6, Theorem 2.1]. 

Theorem 4.5 (Implicit Function Theorem) Let X andY be Banach spaces 
and let W C X be an open neighbourhood of 0. Let Q : W — > Y be a C k map 
(k > 1) such that G(0) = 0. Suppose further that dQ\o : X — > Y is surjective 
with kernel K such that X = K © A for some closed subspace A of X . There 
exist open sets V C K and V C A, both containing 0, with V x V C W , and 
a unique C k map V : V — » V swc/i i/iai 

Ker^ n (V" x F') = {(x, V(z)) : a; G V"} 

in X = K © A. 

5 The operator d + d* 

In this section we let M be a ^- dimensional CS manifold and let M be as in 
Definition 13.11 An essential part of our study is the use of the Fredholm and 
index theory for the elliptic operator d + d* acting from A.\T*M © A 4 T*M to 
A 3 T*M. We therefore consider 

d + d* : L p k+l ^{A 2 + T* M ® A A T*M) -> M _ 1 (A 3 T*M), (8) 

where p>2, ieN and /i G K. 
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5.1 Predholm theory 

Our first result follows from ^] Theorem 1.1 & Theorem 6.1]. 

Proposition 5.1 There exists a countable discrete set P C R such that (JSJ is 
Fredholm if and only if /i £ T>. 

Moreover, we can give an explicit description of T> by a similar argument to (151 
p. 13-14], which is for asymptotically conical (AC) manifolds, as follows. 

Recall the notation of Definition 13.11 Transform the metric on M to a 
conformally equivalent metric which is asymptotically cylindrical on the ends 
Moo of M; that is, if (i;,<7;) are coordinates on (0, oo) x Si, the metric is 
asymptotic to dtf + hi. With respect to this new metric, d + d* corresponds to 

(d + d*)oo = e mt (d + e- 2t d*)e- mt 

acting on to- forms on M. 
Let 

S 

s = [J 3V 

!=1 

If 7r : (0, oo) x £ — » E is the natural projection map, the action of (d + cT)oo on 
7r*(A 2 T*E) © 7r*(A odd T*E) is: 



d + d* 

-(& + m) - u/ ./ i 



where to denotes the operator which multiplies m-forms by a factor to. However, 
we wish only to consider elements of A 1 T*E © A 2 T*E which correspond to self- 
dual 2-forms on M, so we define V s C A 2 T*E © A odd T*E by 

S 

= |_H( a ' * a + P) ■ a e A 2 T*E 4 , /3 e A 3 T*EJ. 
i=l 

Then 7r*(F s ) corresponds to A 2 + T*M © A 4 T*M. 
For ideC define a map (d+ d*) oc (w) by: 

/, «•> / \ I d + d* —w + 3 — m \ 

(d + d*)«H= /; i »\ (io) 

\ iw — rn — (a + a j y 

acting on Vs © C. Notice that we have formally substituted w for — ^ in ©. 
Let 

S 

Ws = \_\{(*a + (3,a) : a e A 2 T*E,, /3 6 A 3 T*EJ C A odd T*E © A 2 T*E. 

i=l 
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Define C C C as the set of w for which the map 

(d + d*)<»H :££ +1 (V r E®C)->Lg(W' B ®C) 

is noi an isomorphism. By the proof of 14, Theorem 1.1], T> = {Rew : to £ 
C}. By ^| Lemma 6.1.13], the corresponding sets C(A m ), where A™ is the 
Laplacian on m-forms, are all real for an asymptotically conical manifold. Since 
the same will be true for the CS case, we deduce that CCR. Hence C = T>. 

The symbol, hence the index ind m , of [d + d*) 00 (w) is independent of to. 
Furthermore, (d + d*) oa (w) is an isomorphism for generic values of w since T> is 
countable and discrete. Therefore ind w = for all w £ C; that is, 

dim Ker(d + d*) 00 (w) = dim Coker(<i + d*) 00 (w), 

so that I|1U|) is not an isomorphism precisely when it is not injective. 

The condition (d + d*) OQ (w) = 0, using JTUJ, corresponds to the existence of 
a £ C roo (A 2 T*S i ) and (3 £ C°°(A 3 T*E. i ), for some i, satisfying 

da — w(3 and d*a + d*(3 = (w — 2)a. (11) 

Notes 

(a) The equations above imply that 

dd*f3 = A/3 = w(w - 2)13. 

Since eigenvalues of the Laplacian on Ej must necessarily be positive, 
(3 = if w £ (0,2). 

(b) If w = and we take a = 0, (fTT|l forces (3 to be coclosed. As there are 
nontrivial coclosed 3-forms on Ej, (d + d*) oo (0) is not injective, so £ T>. 

(c) Suppose that to = 2 lies in V. Then JTTJ gives = in ^ R (E 4 ). We 
know that /3 is harmonic so, by Hodge theory, (3 = 0. Therefore 2 £ V 
if and only if there exists a nonzero closed and coclosed 2-form on Ej for 
some i. 

We state a proposition which follows from the work above. 

Proposition 5.2 Let M be a ^-dimensional CS manifold. Use the notation of 
Definition^ For i = 1, s let D(/jt, i) = {(a, (3) £ C*°°(A 2 T*E l ©A 3 T*Ej) : 
da = n(3, d*a + d* (3 = (/i — 2)a}. The set T> of real numbers /i such that JHJ is 
nof Fredholm is given by: 

s 

V=[J{^£R : D(n,i)^0}. 

z=l 
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Remark A perhaps more illuminating way to characterise D(fi,i) is by: 

(a, (3) G D(jjl, i)<!=^£= (r M ~ 2 a + r^dr A *a, r^ 3 dr A /3) 

is an <3(r M ) solution of (d + = on Q, 

using the notation of Definition 13.11 

Lockhart and McOwen ^] §10] study the Laplacian on m-forms on a man- 
ifold with a conical singularity. From this work, which can easily be extended 
to manifolds with more than one singularity, we can make an important obser- 
vation about the set V. 

Proposition 5.3 In the notation of Provosition \5.!A V n (—2, —1] = 0. 
Proof: Let 



A™ : Ll +1 ^(A m T*M) — L^_ l fi _ 2 (A m T* M) 

be the Laplacian on m-forms and denote the set of \i such that it is not Fredholm 
by V(A m ). Since fj, > -2 and p > 2 we see that L p k+l L t,-2 = L 2 b Y 

Theorem IOI and J7J). 

We then apply |141 Theorem 10.2] for the Laplacian on 2-forms and 4- forms 
on a 4-dimensional CS manifold to see that 

V(A 2 ) n (-2, -1] = £>(A 4 ) n (-2, -1] = 0. 

Note that our rate /j, is related to the weighting factor in 14, §10], which we 
may denote as v, by fj, = -v - 2. As it is clear that V C (£>(A 2 ) U £>(A 4 )), the 
result follows. □ 



5.2 Index theory 

We begin with some definitions following 14 . 

Definition 5.4 Use the notation of H5.ll Let /i £ V. Define d(fi) to be the 
dimension of the vector space of solutions of (d + d*)oo£ = of the form 

where p (t, a) is a polynomial in t 6 (0, oo) with coefficients in C°°(Vs <8> C). 
The next result is immediate from [141 Theorem 1.2]. 
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Theorem 5.5 Let A, A' T> with A' < A, where D is given in Provosition \5.'lA 
For any /x ^ D let ind Jli (rf + d*) denote the Fredholm index of (JSJ. TTien 

indv(rf+rf*) -md A (d + tf") = ^ d(^). 

Atef n(A', a) 

We make a key observation, which shall be used on a number of occasions 
in later sections. 

Proposition 5.6 Let A, A' S K suc/i that A' < A and [A', A] n V = 0. T/ie 
kernels, and cokernels, of JSJ w/ien fi — X and fi — A' are equal. 

Proof. Denote the dimensions of the kernel and cokernel of (JSJ), for [i ^ D, by 
fc(/x) and c(/i) respectively. Since [A', A] C\V = 0, fc(A)-c(A) = fc(A') -c(A') and 
hence 

fc(A) - fc(A') = c(A) - c(A'). (12) 

We know that fc(A) < fc(A') because L p k+1 x e — > A / by Theorem 14.41 as 

A > A'. Similarly, since c(/x) is equal to the dimension of the kernel of the formal 
adjoint operator acting on a Sobolev space with weight —3 — /i, c(A) > c(A'). 
Noting that the right-hand side of (|12() is non-negative and the left-hand side 
is less than or equal to zero, we conclude that both must be zero. The result 
follows from the fact that the kernel of d + d* in L p k+1 x is contained in the 
kernel of d + d* in L\ +x A , , and vice versa for the cokernels. □ 

We can now go further and give a more explicit description of the quantity 
d(/i) in Definition 15.41 

Proposition 5.7 Using the notation of Provosition \b~.H\ and Definition \5.4\ 
d(/-0 = J2t=i dim £>(//, i) for /ieP. 

This is an analogue of |151 Proposition 5.4], which is for the AC scenario, and 
can be proved in exactly the same manner. 

6 The deformation problems 

We have a common notation for the next three sections. Let N be a CS coas- 
sociative 4-fold at zi,...,z s with rate A in a G2 manifold (M,ip,g). Suppose 
A G (1,2) \ £>, where T> is defined in Proposition 15.21 and the cone at is Ci 
with link E^. We shall then use the notation of Definitions 13.41 and 13.51 In 
particular, we let {\i '■ B(0; rj) — * Vi : i = 1, . . . , s}, with d\i |o = d f° r an 
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be the G2 coordinate system near Z\ , . . . , z s used to define TV and let Ci be the 
tangent cone at z%. Recalling that TV is a CS manifold, in the sense of Definition 
13.11 we have a radius function p on TV as in Definition 13.21 

We consider deformations of TV which are CS coassociative 4-folds at s points 
with rate A in (M, <p, g) with the same cones at the singularities as TV, but the 
singularities need not be at the same points, nor have identical tangent cone. We 
also, eventually, consider deforming the G2 structure on the ambient 7-manifold 
M. 

6.1 Problem 1: fixed singularities and G2 structure 

The first deformation problem we consider is where the deformations of TV have 
identical singular points to TV with the same rate, cones and tangent cones, and 
the G2 structure of M is fixed. 

Definition 6.1 The moduli space of deformations _Mi(TV, A) for Problem 1 is 
the set of TV' in (M, ip, g) which are CS coassociative 4-folds at z\,...,z s with 
rate A, having cone C{ and tangent cone C L at z$ for all i, such that there exists 
a homcomorphism h : TV — > TV', isotopic to the identity, with hfa) = Zi for 
i = 1, . . . , s and such that h\ a : N — > TV' \ {z\, . . . , z s } is a diffeomorphism. 

We begin our formulation of a local description of .Mi (TV, A) with a result 
which is immediate from the proof of Chapter IV, Theorem 9] since M is a 
Riemannian manifold. 

Theorem 6.2 Let P be a closed embedded submanifold of M . There exist an 
open subset V of the normal bundle v{P) of P in M , containing the zero section, 
and an open set S in M containing P, such that the exponential map exp |y : 
V — > S is a diffeomorphism. 

Note The proof of this result relies entirely on the observation that exp \ v (p) 
is a local isomorphism upon the zero section. 

This information provides us with a useful corollary. 

Corollary 6.3 For i = 1, . . . , s choose <£>; : (0, e) x Sj — > 73(0; rj) C M. 7 uniquely 
by imposing the condition that 

for all [ri,o~i) £ (0, e) x which can be achieved by making e smaller and K 
larger if necessary. Let Pi = tj((0, e) x £j) } Qi — $i((0, e) x £j) and define 
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rii : v{Pi) — » M 7 by rij(rj<7j, i>) = v + $j(rj, o~j). For i, t/iere ezzsi an open 
subset Vi of v{Pi) in R 7 , containing the zero section, and an open set Si in 
B(0;r)) C R 7 containing Qi such that ni\y : V{ — > Si is a diffeomorphism. 
Moreover, Vi and Si can be chosen to grow like r» on (0, e) x Ej, /or a// i, and 
such that Pi C Sj. 

Proof. Note that rij takes the zero section of v(Pi) to Qi- By the definition 
of $j, we see that is a local isomorphism upon the zero section. Thus, the 
proof of Theorem 16.21 gives open sets Vi and Si such that rii\ v . : V — > Si is a 
diffeomorphism. We can ensure that lies in B(0; rj) by making V smaller if 
necessary. 

Furthermore, since <&j — tj is orthogonal to (0, e) X Si, it can be identified 
with a small section of the normal bundle and hence Pi lies in Si as long as Si 
grows at 0(ri) as n — > 0. As we can form Si and in a translation equivariant 
way because we are working on a portion of the cone Cj, we can construct our 
sets with this decay rate as r^ — > and such that they do not collapse as r» — > e. 

□ 

Corollary 16.31 helps us in establishing the next proposition. 

Proposition 6.4 There exist an open set U C A^T*A^ containing the zero 
section, an open set T C. M containing N and a diffeomorphism 5 : E7 — > T 
which takes the zero section to N . Moreover, U and T can be chosen to grow 
with order O(p) as p — » and S is compatible with the identifications Ui \ {zi} = 
(0, e) x £j for all i and the isomorphism j : v(N) — ► A^_T*N given in Proposition 

m 

Proof. Use the notation of Corollary 16.31 and define Tj = Xi(Si). Then T% is an 
open set in M such that Ui \ {z;} C TJ C Vj, since Xi(Qi) — Ui\ {z^, and which 
grows with order O(p) as p — > 0. 

Consider the bundle (A+) x «( s )T*((0, e) x Ej), where the notation (A+)h 
indicates that the Hodge star is calculated using the metric h and we consider 
(0,e) x Si = Pi C K 7 . Then 

( A i)x:( 9 ) T *^ 

•X*(v)l* 4 (r i , CT »)) K^P* 

is an isomorphism because t/i \ {z^} is coassociative and thus Pi is, with respect 
to the metric Xi 0?) and 3- form x*(<p)j an d hence we may apply Proposition ^. 81 



.n ■ v{Pi) 

v \ricr, 
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Note also that 



*J : (A»),T*(tf, \ {z,}) — > (A2) x . (ff) T*((0,e) x £,) 

is clearly a diffeomorphism. Therefore, let Ui C (A^) 9 T*(?7i \ {zi}) be such 
that *i>*(Ui) — ji(Vi)- Note, by construction, that Ui grows with order O(p) as 

Define a diffeomorphism Si : Ui —> T, such that the following diagram com- 
mutes: 



(13) 




Interpolating smoothly over K, we extend (Ji=i ^ anc ^ Ui=i ^ to ^ an( i T 
as required and extend the diffeomorphisms Si smoothly to a diffeomorphism 
S : U — > T such that 5 acts as the identity on N, which is identified with the 
zero section in A^T*N. 

Note that we have a splitting TU\ {xfi) = T X N ®K 2 + T*N for all x e N. Thus 
we can consider dS at N as a map from TA> © A^T*7V to TiV © = TAf |^. 
Hence, we require in our extension of 8 from 5, to ensure that, in matrix notation, 



d5\ 




(14) 



where / is the identity and A is arbitrary. This can be achieved because of the 
definition of 5j. 

The compatibility of S with j and ^ for all i, mentioned in the statement of 
the proposition, is given by lfT3|l and the behaviour of dS\^ stipulated in l|Tljl. 

□ 

We now define our deformation map for Problem 1. Let C^ oc (U) = {a € 
CjQ C (A?_T*iV) : a £ U}, where U is given in Proposition ^. 41 and adopt similar 
notation to define subsets of the spaces of forms described in 2J 

Definition 6.5 Use the notation of Proposition 16.41 Let T Q be the graph of 
a G Cy oc (U) and let ir a : N — > T a be given by Tr a (x) = (x, a(x)). Let f a = Soir a 
and let N a = f a {N) C f . Define a map F\ from C£ c (17) to Ci° oc (A 3 T*iV) by: 

Fi(a) = /* (^ o ) . 
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By |161 p. 731], which we are allowed to use by our choice of S, the linearisation 
of F\ at is 

dFi|o(a) = Li(a) = da 

for all a £ Cl oc {K\T* N) . 

Remark The operator L\ is not elliptic. 

By Proposition 12. 71 KerFi is the set of a G C\ QI Sjj) such that N a is coassocia- 
tive. 

However, we want CS coassociative deformations with singularities at the 
same points with the same tangent cones. Suppose a £ Cl oc {U) and N a — N a U 
{zi, . . . , z s } is such a deformation. Then there exist smooth maps ($ Q )i : (0, e) X 
Ej — > B(0;n) satisfying (jJJ such that (^> a )i — Xi ° (^<*)» is a diffeomorphism 
onto an open subset of iV Q for all i as in Definition 13.41 Note that we are free 
to use Xi because the tangent cones at the singularities of N a must be the same 
as for N, so any G2 coordinate system near the singularities used to define 
N a must be equivalent to the one given by Xi f° r * — 1, ■ ■ ■ , s. Choose (3> Q )j 
uniquely such that 

for all (n,(Ti) £ (0, e) x E». 

Use the notation of Corollary 16 . 31 and the proof of Proposition Since 

$j — Li can be identified using ji with the graph of fa £ (A^.) x »( 5 )T*((0, e) x £j). 
Thus, 

I V|/Ji I = 0{r*- j ) for j £ N as n -» (15) 
by Q and therefore fa £ q^((A^) x » (s) T*((0, e) x £,)). 

We may similarly deduce, by the definition of S, and ($ a )i, that (& a )i — 
ti = (($a)* — + ^i) corresponds to the graph of iff* (a) + fa on (0,e)xE, i , 
recalling that 

*J : A»T*(Ui \ {*}) - (A 2 + ) x , (5) T*((0,e) x S t ) 

is a diffeomorphism for all i. Since N a has the same types of singularities as AT, 
both fa and $?(or) + A lie in C^°((A2_) X - (9) T*((0, e) x E 4 )) for each i Thus a 
must lie in C^(A 2 + T*N). 

We conclude that iV Q is a sufficiently nearby deformation of N with the same 
conical singularities if and only if a £ C^{U) C C^°(A^T*7V). We state this 
as a proposition. 
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Proposition 6.6 The moduli space of deformations for Problem 1 is locally 
homeomorphic to KerFi = {a G C£°(i7) : Fi(a) = 0}. 

We define an associated map G\ to F\. 
Definition 6.7 Define G x : Cl oc {U) x C£ c (A 4 T*iV) -» Ci° oc (A 3 T*A>) by: 

Gi(a,/3) =F 1 (a) 

Then Gi is a first order elliptic operator at (0, 0) since 

dGi| (0 ,o) = d + d* : Cl c (A 2 + T*N © A 4 T*A>) — -> C? oc (A 3 T*N). 

Note If Gx{a,/3) = and (3 G G^°(A 4 T*7V), */? is a harmonic function which 
decays with order 0(p x ) as p — > 0. Since A>1, */3 — s-Oasp— s-0 and hence, 
by the Maximum Principle for harmonic functions, it must be 0. 

We therefore deduce the following. 

Proposition 6.8 KerFi S {(a,j3) G C£°(L/) x C^°(A 4 T*AT) : Gi(a,0) = 0}. 

We conclude this subsection by stating and proving two results on regularity 
which are analogous to |151 Proposition 4.3] and the argument in |151 p. 22-24] 
respectively. 

Proposition 6.9 The map Fi given in Definition \b'.5\ can be written as 

Fx{a){x) = da(x) + P Fl (x,a(x), Va(x)) (16) 

for x G N, where P Fl : {(x,y,z) : (x,y) G U, z G T*N ® A^r;7V)} -> 
A_ 3 T*N is a smooth map such that P Fl (x,y, z) G A 3 T*N. For a G C™(U) im'i/i 
|a|| c i sufficiently small, denoting P Fl (x,a{x),Va{x)) by P Fl (a)(x), P Fl (a) G 
C , 2 °^_ 2 (A 3 T*7V) C G^ 1 (A 3 T*AT), as A > 1. Moreover, /or eocft k G N, i/ 
a G C A +1 (J7) and ||a|| c i is sufficiently small, P Fl {a) G C2 A _ 2 (A 3 T*A0 
iftere exists a constant Ck > suc/i £/iai 

ll-Ppi(a)llcf* A _ 3 < c fe ||a||^ +1 . 

Proof. Firstly, by the definition of Fi , Fl (a) (x) relates to the tangent space to 
r a at n a (x). Note that T„ a ^T a depends on both a(x) and Va(x) and hence 
so must Fi(a)(x). We may then define P Fl by (|16|l such that it is a smooth 
function of its arguments as claimed. 
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We argued above that we may identify <&i — Li on (0, e) x £j with 

AeCr((A^., s) r((0, £ )xE ! )) 

for i — 1, . . . , s. Recall that 

tf? : A 2 + T*(Ui \ {*}) -» (A^) x , (3) T*((0,£) x £,) 

is a diffeomorphism. Let fc 6 N, a 6 C* +1 (?7), a* = a|c/ i \{ 2i } and 74 = \t*(ai). 
For each i, define a function Pc<(7j + ft) on (0, e) x Ej by 

Fo 4 (7i+A)(» , i,o- i ) = Fi(ai)(* 4 (r i ,o- i )). (17) 

Define a smooth function Pc t by an equation analogous to i|lt)|) : 

Pc 4 (7i + &)(»»> 0t) = d(7i + ft)( r ^ °i) 

+ Pc ( ((ri,o- i ),(7i + ft)(r i ,<T < ),V(7;+ft)(r i ,<r i ))- ( 18 ) 

We notice that i 7 ^ and Pc; ar e only dependent on the cone C, and, rather 
trivially, on e. Therefore, because of this fact and our choice of 5 in Proposition 
16.41 these functions have scale equivariance properties. We may therefore derive 
equations and inequalities on {e} x Ej and deduce the result on all of (0, e) x Ej 
by introducing an appropriate scaling factor of r. 

Now, since a — corresponds to our coassociative 4- fold N, i*i(0) = 0. So, 
by 03, 

FcM = dpi + PcM) = 0> ( 19 ) 
adopting similar notation for Pc ; (ft) as for Pp 1 (ai). Using (|16[) - l|19[) . we deduce 
that 

P Fl (a,) = dp, + P c% ( 7i + ft) = dft + P Ci (7, + ft ) " (rfft + Pc, (ft)) 

= Pc I (7, + ft)-Pc I (ft)- (20) 
We then calculate 

Pc I (7,+ft)-Pc I (ft)= J -P Cl (t% + fr)dt 

dP r dP r 

7< ' -5^(*7i + ft) + V 7* ■ -^(*7i + ft) dt, 
ay az 

(21) 

recalling that Pc t is a function of three variables x, y and z. Using Taylor's 
Theorem, 

BP BP 

Pc 4 (7i+ft) = Pc 4 (ft)+7i~(ft)+V7r^(ft)+0(r- 2 |7 i | 2 +|V7 i | 2 ) (22) 

ay az 
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when |7j| and |V7i| are small. Since dFi\o(oti) — doti, dFc i \p i ('Yi + Pi) — dji and 
hence dPc t \pi = 0. Thus, the first derivatives of Pc t with respect to y and z 
must vanish at Pi by l|22|) . Therefore, given small v > there exists a constant 
Aq > such that 



9P C 



C*2 



■(*7i + A) 
■(*7i+A) 



< ^ (r~ 2 | 7t | +r- 1 |V 7l |); and 

< Ao^l^l + lV^I) 



(23) 



for t G [0,1] whenever 



r- l \ji\, r- x |A|, |V 7 i|and|V/3i|<i/. 



(24) 



By l(T5|l. r -1 )/?^ and |V/3j| tend to zero as r — > 0. We can thus ensure that 
(|24|) is satisfied by the ft components by making e smaller. Hence, l|24[) holds 
if llTillc 1 ^ v - Therefore, putting estimates (|23[l in (|21|l and using (J2DJ, 



\PfA^)\ = \P Ci (li + Pi)-PcM)\< M^ 1 N + |V 74 |) 2 



(25) 



whenever 1 1 -y. 



i\\Ci 



< v. As r 



the terms in the bracket on the right-hand 



side of 1)25(1 are of order 0(r x 1 ) by i|15fl . Thus, \PF 1 {ai)\ is of order 0(i 



.2A-2 



), 



hence 0(r A_1 ) since A > 1, as r — ► for i = 1, . . . , s. We deduce that \Pp 1 (a)\ 
is of order 0(p 2X ~ 2 ) as p — > for all a G C^(C/) with ||a||ci sufficiently small. 

Similar calculations give analogous results to l(25|l for derivatives of Pp 1 , but 
we shall explain the method by considering the first derivative. From (|21|l we 
calculate 

ViPcM + ^-PcM)) 

V (li ■ ^L(*7< + Pi) + V 7l • ^(*y< + Pi)) dt 



v 7l 



v 2 7l 



dP Cl 
dy 

dP Cl 



+ %■ V(*7i + A) 



+ V 7 , • V(i 7l + ft) 



dz 

d 2 P c , 
dy 2 

d 2 P Ci 
dzdy 



+ v 2 (t 7l + ft) 



+ V 2 (t 7l + ft) 



Ci 



dydz 
d 2 P c 



dz 2 



dt. 



Whenever ||7i||c?i < v there exists a constant A\ > such that Il2.'ill holds with 
A replaced by Ai and, for t G [0, 1], 



d 2 P Cl 
dy 2 



(t-ji + P l 



dydz 



(H + Pi) 



and 



dz 2 



(tji + Pi) 
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since the second derivatives of Pc t are continuous functions defined on the closed 
bounded set given by ||Ti He? 1 ^ v - We deduce that 

\V(P Fx (ai))\ = |V(P Ci (7i+ A) " PcM))\ < M (» " V '~< 

whenever ||7i||cri < za Therefore | V(Pjr 1 (oi)) | is of order 0(r 2A ~ 3 ), hence 
0(r A ~ 2 ), as r -> 0. 

In general we have the estimate 

^ r i-a+l)| V , 7 . 

3=0 

for some A; > whenever 1 1 1 1 — v - The result follows. □ 

We now consider the regularity of solutions to the nonlinear elliptic equation 
Gi(a,/3) = near (0,0). 

Proposition 6.10 Let (a, (3) G L p k+1 X (U) x L p k+1 X (A 4 T*N) for some p > 4 
and k > 2. If G\(a, (3) = and ||o;|| c i is sufficiently small, (a, (3) G C^{U) x 
C^°(A 4 T*iV). 

Proo/: Suppose that (a,/3) G L p k+lx (U) x A (A 4 T*7V) for some p > 4 and 

fc > 2. Then a and /3 lie in Cl oc by Theorem H3| since § > ~ • 

Suppose further that Gi(a, /3) = and that ||a||c?i is sufficiently small. Since 
Pi smoothly depends on a and Va, G\ is a smooth function of a, [3, Va and V/3. 
We apply 18, Theorem 6.8.1], which is a general regularity result for nonlinear 
elliptic equations, to conclude that a and [3 are smooth. However, we want 
more than this: the derivatives of a and [3 must decay at the required rates. 

Recall the note after Definition 16.71 that G\(a,(3) = implies that (3 = 0. 
Thus [3 G C X X3 (A 4 T*N) trivially. 

For the following argument we find it useful to work with weighted Holder 
spaces. By Theorem ECT a G C x ' a (U) with a = 1 - 4/p G (0,1) since p > 
4. We also know that d*(Gi(a, /?)) = d*(Pi(a)) = 0, which is a nonlinear 
elliptic equation on a. Using the notation and results of Proposition l6~^l d*da + 
d*{P Fl {a)) = and d*{P Fl (a)) G C^ a {k 2 T*N). We see that 

d*{F x (a)){x) = R(x,a(x), V a(x))V 2 a(x) + E(x,a(x), Va(x)), 

where R(x,a(x),\7a(x)) and E(x, a(x),^7a(x)) are smooth functions of their 
arguments. Define 

S a (j)(x) = R(x, a(x), Va(x))W 2 7 (x) 
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for 7 £ CjQ C (A?_T*iV). Then S a is a smooth, linear, elliptic, second-order op- 
erator, if HaHc 1 is sufficiently small, whose coefficients depend on x, a(x) and 
\7a(x). These coefficients therefore lie in C lo T '°. We also notice that 

S a (a){x) = -E{x,a{x),Va{x)) £ C^ 2 ' 3 a (A 2 T*N) C C^' a (A 2 T*A>), 

since A > 1. However, E(x,a(x),\7a(x)) only depends on a and Va, and is at 
worst quadratic in these quantities by Proposition 16.91 so it must in fact lie in 
a {A 2 T*N) since we are given control on the decay of the first k derivatives 
of a as p — > 0. 

The work in 17, §6.1.1] on asymptotically conical manifolds gives regular- 
ity results for smooth linear elliptic operators acting between weighted Holder 
spaces. These results can easily be adapted to the CS scenario. In partic- 
ular, if 7 e C\{k\T*N) and S a (j) £ C k x Zl' a {A 2 T*N), we have that 7 e 
C x +1 ' °(A 2 f T*N). Since k > 2, a and S a (a) satisfy these conditions by the dis- 
cussion above. We deduce that a £ C\ +1 ' a (A^T* N) only knowing a priori that 
a £ C*' a (A\T*N). We proceed by induction to show that a £ C x a (A 2 + T*N) 
for all I > 2. □ 



6.2 Problem 2: moving singularities and fixed G 2 struc- 
ture 

For this problem we again consider deformations of N in (M, ip, g) which are CS 
coassociative 4-folds at s points with the same rate and cones at the singularities, 
but now we allow the singular points and tangent cones at those points to differ 
from those of N. However, we still assume that the G2 structure on M is fixed. 

Definition 6.11 The moduli space of deformations M.2{N, A) for Problem 2 is 
the set of N' in [M, ip, g) which are CS coassociative 4-folds at z[, . . . , z' s with 
rate A, having cone Cj and tangent cone C[ at z[ for all i, such that there exists 
a homcomorphism h : N — *• N', isotopic to the identity, with h(zi) = z[ for 
i = 1, . . . , s and such that h\ft:N—*N'\ {z[, . . . , z' s } is a diffeomorphism. 

Here it is more difficult to create a local description of the moduli space 
which is compatible with the analytic framework in which our study is made. 
What one would consider more 'intuitive' approaches do not, as far as the author 
is aware, bear fruit. We therefore follow what is, at first sight, a slightly indirect 
route. 

For each i = 1, . . . , s let Bi be an open set in M containing Zi such that 
Bi n Bj ; = for i ^ j. Let B = ]J s i=1 B l . For each z' = (z[, ...,z' s ) £ B, 
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we have a family I(z') of choices of s-tuples C' — (Ci? • • • » C«) °f isomorphisms 
£ : K 7 -> identifying fa, go) with fe>| T ,m,9\t z ,m)- Clearly, for each 

z' G £?, I(z') = G2. We thus make the following definition. 

Definition 6.12 The translation space is 

T={(z',0 :z'GB, C'ei(z')}- 

It is a principal G2 bundle over B and hence is a smooth manifold. 

Let Hi denote the Lie subgroup of G2 preserving tj(Cj) in M 7 for i = 1, . . . , s 
and let H = J]j = i H, C Gj. Then H acts freely on T by 

( Z ',c')^(^(c 1 °^r 1 ) ---,C°^- 1 )): 

where (A±, . . . , A s ) G H. Thus there exists an H-orbit through (z, £) in T, where 
z = (zi, . . . ,z s ) and C = (&> ■ ■ ■ > Ca)- 

Define T to be a small open ball in 1" containing 0, where n — dimT — dimH, 
and let hj- : X — > T be an embedding with /i-f (0) = (z, £) such that h^-(T) is 
transverse to the H-orbit through (z, £). Write /i-f(i) = (z(i),£(t)) for t € T, 
with z(0) = z and £(0) = C 

Notes 

(a) If t, t' G X, with £ 7^ i', are such that z(i) = z(i'), the s-tuples of tangent 
cones, {Ci(t), . . . , C" s (t)} and {Ci(i'), . . . , C s (t')}, are distinct. 

(b) X is an open ball in R™ = ToX and hence can be considered as an open 
subset of T X. 

We use X to extend N to a family of nearby CS 4-folds and provide an ana- 
logue to Proposition ltj.4l for Problem 2. In defining N we chose a G2 coordinate 
system {xi ■ -8(0; 77) — > Vi : i = 1, . . . , s} with c?Xi|o = Ci f° r * — 1; • ■ ■ i s - Extend 
this to a smooth family of G2 coordinate systems 

{{ X i(t):B(0; V )^Vi(t):i = l,...,s}:tef}, 

where Vi(t) is an open set in M containing Zi(t), Xi(i)(0) = Zi(t), dxi(t)\o — 
Q(t), Xi(0) = X* and V t (0) = V t for * = 1, . . . , s. 

Proposition 6.13 Use the notation of Proposition and Definition \6.1 6 2l 
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(a) There exists a family Af = {N(t) : t £ T} of CS 4-f°lds in M, with 
N(0) = N, such that N(t) has singularities at z±(t), . . . , z s (t) with rate 
A, cones C\, . . . , C s and tangent cones C\(t), . . . , C s (t) defined by Ci(t) = 

(C<(t)°fci)(CO- 

(b) Let N(t) = N(t) \{zi{t),..., z s (t)} and write 

S 

N{t)=K(t)u\_\Ui(t) 

i=l 

where K(t) is compact and Ui(t) \ {zi(t)} = (0, e) x Sj for all i, in the 
obvious way, ensuring that K(0) = K and (0) = [/;. For t G T, there 
exist open sets T(t) C M containing N(t) and diffeomorphisms 5(t) : U — > 
T{t) taking the zero section to N(t), varying smoothly in t, with T(0) = T 
and 5(0) = 6. Moreover, T(t) can be chosen to grow with order O(p) 
as p — ► and S(t) is compatible with the identifications Ui(t) \ {zi(t)} = 
(0, e) x Yji for all i. 

Remark The family J\f does not necessarily consist of CS coassociative 4-folds 
and S(t) is not required to be compatible with the isomorphism v(N) — A?_T*7V 
for t i= 0. 

Proof: Use the notation from the proof of Proposition 16.41 For t G T, define 
Ti{t) =Xi(t){Si) and 



(t) = (xi(*)°*i((0,e) x E0) U{z 4 (t)} 



for z = 1, . . . , s. Then Ti(t) contains Ui(t) \ {zi(i}}. Define a diffeomorphism 
Si(t) such that the following diagram commutes: 



Si(t) 




(26) 



We then interpolate smoothly over K to extend Ut=i^i(*) ^° ^"(*) an< ^ 

to as required. Note by construction that T(t) grows with order O(p) as 
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Let e(t) = 6(t)\fi and define N(t) = e(t)(N). Then e(t) : N -> N(t) is 
a diffcomorphism for all t € T and e(0) is the identity. Let N(t) = N(t) U 
{zi(t), . . . ,z s (t)}. We then have a family TV = {N(t) : t <E T} as claimed. Note 
that = e(t)(K). 

By the construction of #(t) and the family TV, it is clear that the proposition 
is proved, where the compatibility conditions on 8(t) are given by i|26l) . □ 

The next definition is analogous to Definition 16.51 

Definition 6.14 Use the notation of Proposition ^. 131 Let T a be the graph of 
a 6 Cl oc {U) and let n a : N — * T a be given by n a (x) — (x,a(xj). For t E T, 
let / Q (i) = S(t) o vr Q and let N a {t) = f a (t)(N). Define F 2 from C^t/) x f to 
C£, c (A s T*iV) by: 

F 2 {a,t) = /„(<)* (^ o(t) ). 
The linearisation of i*2 at (0, 0) acts as 

^1(0,0) : («>*) 1 — ► da + L 2 (t), 

where a € Cl oc (A+T*N), t £ TqT and L2 is a linear map into the space of 
smooth exact 3-forms on N since (p is exact near N. 

Remark By construction F^ot, 0) = -F'i(a) as given in Definition 16. 51 

Clearly, KerF 2 is the set of a £ Cl oc (U) and t S T such that AT a (i) is 
coassociative. However, we have not yet encoded the information that N a (t) is 
CS with rate A. This is the subject of the next proposition. 

Proposition 6.15 The moduli space of deformations for Problem 2 is locally 
homeomorphic to Kei F 2 = {(a,t) eC^(U)xf : F 2 (a,t) = 0}. 

Proof. For each t <E T, we are in the situation of Problem 1 in the sense that 
we want coassociative deformations N a (t) of N(t), defined by a self-dual 2-form 
a, which have the same singular points, cones and tangent cones as N(t). It is 
thus clear that a € C^{U) by Proposition 16. 61 □ 

We now introduce an associated map G 2 to F 2 . 

Definition 6.16 Define G 2 : Cl oc {U) x C^ c (A 4 T*iV) xT-t C? oc (A 3 T*N) by: 

G 2 (a,(3,t)=F 2 {a,t)+d*f3. 

Then eiG2|(o,o,o) : (o^/^i) 1 — ► rfctf + d*[3 + L 2 {t) 1 in the notation of Definition 
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We then have an analogous result to Proposition 16.81 which follows in exactly 
the same fashion because ^(cc, £) is exact. 

Proposition 6.17 

KcrF 2 = {(a,/3,t) £ C£°(U") x C£°(A 4 T*iV) x T : G 2 {a,0,t) = 0}. 

The next result studies the regularity of the kernel of G 2 near (0, 0, 0) and 
is the analogue of Proposition 16 . 1 01 

Proposition 6.18 Let (a,f3,t) £ L p +1 X (U) x L p k+1 A (A 4 T*A>) x T, where 
p > 4 and k > 2. If G 2 (a, /3,t) = and \\a\\ c i and t are sufficiently small, 
(a,f3) EC^(U) xC^(A 4 T*N). 

Proof. Note that dG 2 (a, (3,t) = A/3 = implies that (3 = by the Maximum 
Principle for harmonic functions and d*G 2 (a, 0, t) — d*F2(a, t) — is an elliptic 
equation at on a. Using similar notation to the proof of Proposition 16 . 101 

d*F 2 (a,t)(x) = R t (x,a(x),Va(x))V 2 a(x) + E t (x, a(x), Va(x)), 

where R t and E t are smooth functions of their arguments. If we define 

S( a .t)(l)(x) = R t {x,a(x),Va(x))V 2 ~f(x), 

then S( a: t) is a smooth linear differential operator on 7 6 C 2 oc (A+T* N) . The 
ellipticity of S a = S^o) results from the coassociativity of N. Ellipticity is an 
open condition so, although N(t) is not necessarily coassociative, the fact that 
it is 'close' to being coassociative means that 5( Q ^ is elliptic, as long as we 
shrink T as necessary to make t sufficiently small. 

The regularity results for S( at t ) follow in the same way as in the proof of 
Proposition ^ . 1 Ol since F 2 (a, t) depends smoothly on t and N(t) is asymptotically 
coassociative near the singular points, which validates the use of the theory 
from Q71 §6.1.1]. Recall that L p k+1 x C^ a where a = 1 - 4/p. Thus, if 
S (a ,t)(7) G C\~Jf a and 7 £ C^tf), then 7 £ ^ +1 < Q (l>). 

Since Eq — E maps into C X Z 2 ' °j as argued in the proof of Proposition ^. 101 
and F 2 depends smoothly on i, £^ maps into C^Za'" f° r ^ sufficiently small. 
Hence, 

5'( Qj i)(a)(a;) = -E t (x,a(x),Va(x)) £ C^' - 

We deduce that a £ C^ +1,a , given only that a £ Induction gives the 

result. □ 
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6.3 Problem 3: moving singularities and varying G2 struc- 
ture 

For our final problem we consider CS deformations N' of N with the same 
rate and cones at s singularities, but with possibly different singular points and 
tangent cones there, such that N' is coassociative under a deformation of the 
G2 structure on M. 

We begin with the following. 

Proposition 6.19 Use the notation of Proposition \(f~^\ Let 

s 

T = f U \J Vi D N. 

1=1 

By making T and Vi, for i = 1, . . . , a, smaller if necessary, T retracts onto N. 
There exists an isomorphism 3 : i?| R (T) — + H^ S (N). 

Proof. Let [£] € i?| R (T). Since the sets Vi retract onto {zi} for i — 1, . . . , s, 
£ can be chosen such that £|y 4 = 0. Therefore, Clc/ i \{^ i } — which implies 
that the support of £|a is contained in if, which is compact. Hence is a 
well-defined element of H^ S (N). Define 3 by [£] 1— > [£1^]. We show that H is 
well-defined. Suppose that f = £ + dv, for u e C°°(A 2 T*T), such that f |y ( = 
for all i. Then dy|v 4 = for all i. Since Vi retracts onto {z{\ we can choose 
v such that v\vi = without affecting dv by smoothly interpolating over T. 
Thus u|^y is compactly supported on N and ^|^, + d(v\jy) — Hence a is 

well-defined and injective. 

Any closed form on N with support in K can be extended smoothly to a 
closed form on T which vanishes on Vi for all i. Thus, any cohomology class 
in H^ S (N) has a representative 7 that can be lifted to a form £ on T such that 
= [7], which implies that 5 is surjective. □ 

Notes The reason for this result is two-fold. 

(a) The condition that S([^|r]) = in H^ S (N) is implied by the coassociativity 
of TV and it forces [<p\fi] = in H^ S (N). This is stronger than the seemingly 
more natural condition of [ip\ a] = in H^ R {N), which would be the correct 
requirement if N were compact by the work of McLean i 1 61 . 

(b) If a G2 structure (<p',g') on M is such that H([y/|x]) ^ then (p'\ft, / 
for any nearby deformation N' of N, so there are no coassociative defor- 
mations. 
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Proposition 16.191 allows us to define a distinguished family of 'nearby' G2 
structures to (<p,g). 

Definition 6.20 Let T be a small open ball about in R m for some m. Let 

F={(<P f ,9 f ) : fef} 

be a family of torsion-free G2 structures, with ((p°,g°) = (<p,g), such that 
Z([cpf\ T ]) = in H^ S {N) and the map hf.f^T given by hp{f) = {(p f ,g f ) 
is an embedding. 

Note T can be considered as an open subset of TqjF. 

We now describe the moduli space for Problem 3. 

Definition 6.21 The moduli space of deformations M$(N, A) for Problem 3 is 
the set of pairs (N 1 , /) of / € T and N' in (M, cp-> ,g') which are CS coassociative 
4- folds at z[, . . . f z' s with rate A, having cone C, and tangent cone C[ at z[ for all 
i, such that there exists a homeomorphism h : N — > N' , isotopic to the identity, 
with h(zi) = z[ for i = 1, . . . , s and such that h\^ : N — ► N' \ {z[, . . . , z' s } is a 
diffeomorphism . 

We have a projection map ir^ : A4a(N, A) — > J 7 , with tv^N', f) = /, whose 
fibres tt^. 1 (/) are equal to the moduli space for Problem 2 defined using the G2 
structure (tpf ,gf). 

We must adapt our translation space from Problem 2 to incorporate the 
varying G2 structure. 

Definition 6.22 Use the notation of Definitions 16 . 1 21 and 16 . 2()| For / S T and 

z' E B let i' (z') denote the family of choices of s-tuples C' = (Cii ■••>Cs) °f 
isomorphisms £■ : R 7 -> IVjM identifying (^o,ffo) with (^It^a/^It^m)- 
The translation space corresponding to is 

T^ = {(z',C,/) : z'eB, fefi, C'e^(z')}. 

It is a principal G2 bundle over Bx J. 

There is a natural free action of H on and hence an H-orbit through 
(z, £,0). Therefore, we may embed T x jF into by hj- x: p ■ (t, f) <— > 
(z(i, /), £(t, /), /) such that hf x j r (T x J 7 ) is transverse to this H-orbit, 
hj- x ^(t, 0) = /ig-(t) for all i and z(0, /) = z for all /. 

Use the notation introduced before Proposition ^. 131 Extend the G2 coordi- 
nate system near Z\ , . . . , z s used to define TV to a smooth family of G2 coordinate 
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systems 

/) : B(0; rj) - Vi(t, f) : i = 1, . . . , s} : (t, /) e f x 

such that Vi(t, f) is an open set in M containing Ziit, /), Xi(*j /)(0) = Zi(t, /), 
dXi(tJ)\o = d (*,/)> Xi(*,0) = fi(0,/) = *5 and V,(t,0) = K(t) for 

i = 1, . . . , s. We state the analogue of Proposition l6.13l 

Proposition 6.23 Use the notation of Propositions \U^\ and Tb.Hft and Definition 

EH 

(a) There exists a family Af? = {N(t, f) : (t, /) € f X T} of CS 4- folds in M, 
with N(0, f) — N and N(t, 0) = N(t), such that N(t, f) has singularities 
at Zi(t, /),... , Z s (t, f) with rate A, cones Ci,...,C s and tangent cones 

/), . . . , C s (t, f) defined by <5i(t, /) = /) o n){Ci). 

(b) Let N(t, f) = N(t, f) \ { Zl (t, /),..., z s (t, /)} and write 

S 

N(t,f)=K(t,f)u\_\u i (tJ) 

i=l 

where K(t, f) is compact and Ui(t, f) \ {zi(t, /)} = (0, e) x Sj for all i, in 
the obvious way, ensuring that K(0, f) — K , K(t, 0) = K(t), f/j(0, /) = U- t 
and Ui{t, 0) = Ui{t). For (t, f) G T x J- , there exist open sets T(t, f) C M 
containing N(t, f) and diffeomorphisms S(t, f):U—* T(t, f) taking the 
zero section to N(t,f), varying smoothly in t and f, with T(0, /) = T, 
T(t,0) = T(t) and S(t,0) — 5(t). Moreover, T(t, /) can be chosen to grow 
with order O(p) as p — ► and 6(t, f) is compatible with the identifications 
Ui(t, f) \ { Zi (t, /)} S (0, e) x Si /or i = 1, . . . , s. 

The proof is almost identical to that of Proposition ltj . 1 31 and so we omit it. The 
compatibility conditions on S(t, f) are given by similar commutative diagrams 
to (H)J). 

Remark S(t, f) is not required to be compatible with the isomorphism v(N) = 
A 2 + T*Nfor (t,/)^(0,0). 

We proceed by defining our final deformation map. 

Definition 6.24 Use the notation of Proposition 16.231 Let T a be the graph 
of a € Cl oc (U) and let n a : N — > T a be given by ir a {x) = (x,a(x)). For 
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(t, /) e f x JF, let / a (t, /) = <f(t, /) o 7Tq/ and let N a {t, f) = / a (t, f)(N). Define 
F 3 from C^t/) xf x jto Ci° oc (A 3 T*7V) by: 

F 3 (a,t,f)=f a (tJ)* (Vl^C*,/))- 

The linearisation of F3 at (0, 0, 0) acts as 

rffs |(o,o,o) : (a,t,f)^da + L 2 (t)+L 3 (f), 

where a £ ^(A^T*^), (i, /) £ T f®T Q T, L 2 is given in Definition KH1 and 
L3 is a linear map into the space of smooth exact 3-forms on N by the condition 
imposed on ipf in Definition 16. 2UI 

Note F 3 (a, t, 0) = F 2 (a, t) as given in Definition 16. 141 

Now, KerF3 corresponds to choices of N a (t, f) which are coassociative with 
respect to (ip* ,gf). The next result is then clear from considering the proof of 
Proposition 16.151 

Proposition 6.25 The moduli space of deformations for Problem 3 is locally 
homeomorphic to KerF 3 = {(a,t, f) £ C^(U) xfxP: F 3 (a,t,f) = 0}. 

We again have an associated map to our deformation map. 

Definition 6.26 Define G 3 : C^jfi) x C^A^T* N) x f x T -> Ci° oc (A 3 T*7V) 
by: 

G 3 {a,(3,tJ) = F 3 (a,t,f) + d*[3. 

Then dG3|( 0j o,o,o) : ( a : t-i /) 1 — > da + d*[3 + £ 2 (t) + F 3 (f), in the notation of 
Definition EH 

The next result is analogous to Propositions 16.81 and l6~T7l and may be immedi- 
ately deduced from the exactness of F 3 (a, t, /), which follows from the condition 
imposed on <p* in Definition 16.201 

Proposition 6.27 

Ker F 3 S {(a, 0, t, f) £ C?{U) x (A 4 T*iV) xfxj: G 3 (a, [3, t, f) = 0}. 

The argument used to prove the regularity result Proposition 16 . 181 is easily 
generalised to the map G 3 , so we end the section with the following. 

Proposition 6.28 Let (a,(3,tj) e L p k+l x {U) x L p k+ ^ A (A 4 T*iV) x f x T, 
where p > 4 and k > 2. If G 3 (a, 0, t, f) = and ||a:||c7i, £ and / are sufficiently 
small, (a, /?) £ C^°(l>) x C£°(A 4 T*iV). 
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7 The deformation and obstruction spaces 



In this section we describe the infinitesimal deformation and obstruction spaces 
for each of our problems and show in each scenario that, if the obstruction space 
is zero, we get a smooth moduli space of deformations. We recollect the common 
notation introduced at the start of SjSJ In addition, fix some p > 4 and integer 
k > 2. 

7.1 Problem 1 

Recall the maps F\ and G± given in Definitions 16 . 51 and 16 . 71 respectively. Their 
kernels give a local description for the moduli space A4i(N, A) by Propositions 
16.61 and 16.81 Therefore the kernels of dF\\o and dGi|(o,o) describe the infinites- 
imal deformations. 

Definition 7.1 The infinitesimal deformation space for Problem 1 is 

I X (N, A) = {a e Cf{K\T*N) : da = 0} 

= {(a, (3) e C^(A 2 + T*N® A A T*N) : da + d*[3 = 0}. 

The equivalence of the spaces follows by Proposition ^. 8l or. more simply, by the 
Maximum Principle for harmonic functions. 
Using Proposition 16. 1UI 

2i(JV, A) {{a,P) e L p k+1 X {A 2 + T*N® A 4 T*N) : da + d*[3 = 0}. 

Therefore, T\ (N, A) is finite-dimensional. 

We turn to possible obstructions to the deformation theory and start with 
the following. 

Proposition 7.2 The map Fx takes L p k+1 X {U) into d(L p k+1 X (A 2 T*N)). 

Proof. Let a € L p +1 X (U) and let T be as in Proposition 16.191 As noted after 
that proposition, [<£>|t] = in H^(T) and hence </j|t is exact. Thus, ip\x = dtp 
for some ip € C°° (A 2 T*T). However, we want to select tp in a particular way 
near the singularities. On B(0;r/) C R 7 , for each i = 1, . . . , s, 

XifeO = ^) + 0(r 4 ). 
If w is the dilation vector field on R 7 , given in coordinates (x\, . . . , X7) by 

d d 

V = X\- h . . . + X7— — , 
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we can choose ip to satisfy 

on Vi, since d(v • tpo) = 3ifo, then extend ip smoothly to a form on T such that 
dijj — (p\r- Note that 

{v ■ iPo)\ H {Ci) = v ■ {<Po\ H (Ci)) = 

as v G T{ii{Ci)). Hence xf WO = 0( r f) on for all i, and similar results 

hold for the derivatives of tp. Define 

so that F 1 (a) = d(H 1 (a)). Note that XiWOL^Ci) = ^( r ?) is dominated by 
0(r^) terms as — > since A < 2. Further, f„(ip\ft ) has the same growth 
as X*( ? A)l(* Q ) i ((o,c)xE i ) as r i —> 0, using the notation preceding Proposition [£23 
However, 

X J *( - 0)l(* c «) l ((O, e )xE l ) = X*(^)l((# a ) 4 -H)((0,e)XS i ) + X*O)L((0, e )x£,)- 

The first term on the right-hand side depends on \($ a )i — k\ and hence is 0(r*) 
as r, — > 0. This dominates the second term by our observation above. Hence, 
.Hi (a) 6 L p k A because iJi depends on a and Va. Note that i3i(a) has one 
degree of differentiability less than expected. 

Recalling that A £ D, we deduce that F x (a) lies in d(L p k x (A 2 T*N)) and 
hence is L 2 -orthogonal to elements of the kernel of 

d + d* : L q l+1 ^ _ 3 _ X (A 3 T*N) -> i« _ 4 _ A (A 2 T*7V © A 4 T"W), 

where g > 1 such that 1/p + 1/q = 1 . We show that 

d(L£ iA (A 2 T*A0) ©d*(L^ A (A 4 T*A0) C L^ 1)A _ X (A 3 T*JV) 

is characterised as the subspace which is L 2 -orthogonal to this kernel. 
Consider 

d + d* : L p k X (A cvcn T*N) -» A-1 (A odd T*iV). 

This elliptic map has image which comprises precisely of those elements of 
L l-i, A _i(A odd T*7V) which are L 2 -orthogonal to the kernel K. of 

d + d* : Lf +li _ 3 _ A (A odd T*A>) -» L« _ 4 _ A (A cvcn T* A>). 
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The space K, can be written as the direct sum K, = JC 1 ffi JC 3 ffi IC m , where 

K?=KnL* l+1) _ 3 _ x (A*T*N) 

for j = 1 and 3 and K. m is some transverse subspace. Then 

d(L p kx (A 2 T*N))®d*(L p kx (A 4 T*N)) = {o 3 : 3oi such that (01,03) G IC^}, 

where we take the orthogonal complement in L p k _ 1 A1 . Note that the projection 
7Ti(/C m ) of K, m onto the space of 1-forms must meet K} in the zero form since, 
if (01,03) G fC m and oi G /C 1 then 03 G /C 3 , which contradicts the direct sum 
decomposition of /C. Therefore, 7Ti (/C m ) and /C 1 are transverse finite-dimensional 
subspaces of Lf +1 _ 3 _ X (A 1 T* N). Hence, there exists a space A of smooth 
compactly supported 1-forms on N which is L 2 -orthogonal to K. 1 and such 
that A x K m — » E given by (7,0 1— > (7,0) • £ is a dual pairing. If o 3 G 
L p _ 1 A _ 1 (A 3 T*7V) such that 03 G (/C 3 )^, there exists a unique Oi G A such 
that (oi,0K = -(0,o 3 )^ for all £ G £"\ which implies that (oi,o 3 ) G (/C™)^. 
We conclude that 

(JC 3 ) 1 - = {o 3 G (JC 3 ) 1 - : 3oi G (/C 1 )- 1 such that (oi,a 3 ) G (/C" 1 )- 1 } 
= {03 : 3oi such that (01,03) G /C^} 

= d(Ll x (A 2 T*N)) ®d*(Ll X (A 4 T*N)) C L 1 k _ lx _ 1 (A 3 T*N). 

However, K, 3 is independent of k, and hence -F\(o) must lie in the image of 
d + d* from L p k+l x , since Fi(o) lies in A _ r We may thus write i*\(o) = 
d 7 + d*[3 for some 7 G L£ +1> x {A 2 T*N) and /3 G L^ +1 A (A 4 T*iV). Moreover, 
dd* (3 — and so /3 is harmonic and 0(p x ) as p — > 0. By the Maximum Principle, 
(noting that */3 is a harmonic function on N), (3 = 0. The proposition is thus 
proved. □ 

We deduce from Propositions RTol OI RHUI and 17^1 that Xi(iV, A) is locally 
homcomorphic to the kernel of 

Gi ■ L p k+l x (U)xL p k+l x (A±T*N) d(L p +lx (A 2 T*N))(Bd^L p +lx (A 4 T*N)). 

Therefore, our deformation theory will be obstructed if and only if the map 

d ■ Ll +ltX (A%T*N) -> d(L p +lx (A 2 T*N)) 

is not surjective. This leads us to the next result and definition. 

Proposition 7.3 There exists a finite- dimensional subspace Oi(N,X) of 
L k,\-i( A3T *N) such that 

d(L p k+hX (A 2 T*N)) = d(L p k+hX (A 2 + T*N)) ffi <D 1 (N ) A). 
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Proof. The Fredholmness of d + d* implies that the images of L\ +l X (A 2 + T*N) © 
L p k+1 A (A 4 T*iV) and L p k+1X (A 2 T*N) © A (A 4 T*7V) under d + d* are both 
closed and have finite codimension in L p X _ 1 (A 3 T* N). Since 



{0} = d{Ll +li X (A 2 T*N)) nd*(Ll +1> A (A 4 T*iV)) 
= d(LP +1A (A 2 + T*7V))nd*(LP +liA (A 4 r*iv)) 

by the Maximum Principle, we deduce that 

d(L£ +liA (A^T*A0) and d(L p k+u A (A 2 T*7V)) 

are both closed and that the former has finite codimension in the latter. Thus, 
0i (TV, A) can be chosen as stated. □ 

Definition 7.4 The obstruction space for Problem 1 is 

d(L p k+1 , x (A 2 T*N)) 



Oi{N, A) 



d{L p {A\T*N)) 



We proceed as follows. Define 

^i=^ + i,a(^x^ + i,a(A 4 T^), 
Xi = L p k+1X (A 2 + T*N © A 4 T*iV), 
Y x = Oi(N,X) C Ll ^iA^N) and 
^ = d(L p k+hX (A 2 T*N)) © d*(L£ +1> A (A 4 T*iV)). 

Then Xi, Y\ and Zi are Banach spaces and U\ is an open neighbourhood of 
(0, 0) in Xi because L p k+1 A c — > C A by Theorem 14 . 41 and U grows with order O(p) 
as p — > by Proposition Thus, W\ — U\ x Yi is an open neighbourhood of 
(0, 0, 0) in X\ x Yi. Define £i : Wi -> Zi by: 

gi(a,/3, 7 ) = G 1 (a,/3)+7- 

Then C?i is well-defined by Propositions l7.2l and l7.3l and its derivative at (0, 0, 0) 
acts from X\ x Y\ to Z\ as 

d0i I (o,o,o) : {a, 0, 7) 1 — ► da + d* (5 + 7. 

Clearly, dQ\\ (0,0,0) is surjective by construction and its kernel, using the fact 
that (d + d*)(Xx) n Yi = {0}, is given by: 

Kerdgi| (0A0) = {(a,/3,7) G X x x Yi : da + <2*/3 + 7 = 0} 
^ {(a, f3) £X 1 :da + d* f3 = 0} ^ Ii(iV, A). 
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The conclusion, by implementing the Implicit Function Theorem for Banach 
spaces (Theorem^3J), is that KerGi is a smooth manifold near zero which may 
be identified with an open neighbourhood A4i(N, A) of in Ti(N, A). Formally, 
if we write X\ = 2i(N, \)®A for some closed subspace A of X\, there exist open 
sets Mi{N, A) C Ii(N, A), V A C A, V Y C Y u all containing 0, with Mi(N, A) x 
V A C J7i, and smooth maps V A ■ Mi(N,X) -> Va and Vy : Mi(N, A) -> W 
such that 

Ker£i n (Mi (AT, A) x V A x W) = {(as, Va(x), VV(z)) : x e Mi(N, A)}. 

If we define a smooth map tti : «Mi(iV, A) — > 0\{N, A) by 7r 1 (a:) = Vy(x), the 
moduli space A / ( 1 (iV, A) near is locally homeomorphic to the kernel of tt\ near 
0. We can think of tt± as a map on an open neighbourhood of (0, 0, 0) in Ker^i 
which projects onto the obstruction space. We write these results as a theorem. 

Theorem 7.5 Use the notation of Definitions W^TK \7.1\ and \7.4\ There exists a 
smooth manifold M.x(N, X), which is an open neighbourhood of inIi(N,\), 
and a smooth map ni : Mi(N,X) — > Oi(N, A), with tt±(0) = 0, such that an 
open neighbourhood of in Ker7ri is homeomorphic to an open neighbourhood 
of N in Mi(N,X). 

We deduce from this theorem that, if the obstruction space is zero, the moduli 
space is a smooth manifold near N of dimension equal to that of the infinitesimal 
deformation space. We expect the obstruction space to be zero for generic 
choices of N and the G2 structure on M. 

7.2 Problem 2 

Recall the notation introduced in Definitions 16.121 16.141 and 16.161 We begin by 
defining the infinitesimal deformation space for this problem. 

Definition 7.6 The infinitesimal deformation space for Problem 2 is 

1 2 {N, A) = {{a, t) 6 C^{K\T*N) © T f : da + L 2 {t) = 0} 

S {{a, (3, t) 6 C^{K\T*N ® A 4 T*A>) © T f : da + d* [3 + L 2 {t) = 0}. 

The equivalence in the definition follows from Proposition 16.171 or from the 
observation that da + L 2 (t) is exact and so /3 = by the Maximum Principle. 
By Proposition 16 . 1 81 

X 2 (N, A) = {{a,(3,t) G L p k+1 A (A^T*A>ffiA 4 T*A>)ffiT f : da+d* (5+L 2 {t) = 0}. 

Therefore, T 2 (N,X) is finite-dimensional. 
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Note There is a subspace of I 2 (N, A) which is isomorphic to T\ (N, A) . 

To start our consideration of obstructions, we have the generalisation of 
Proposition [^J 

Proposition 7.7 The map F 2 takes L p k+lx (U) x T into d(L p k+lx (A 2 T*N)). 

Proof: Use the notation from Proposition l(j . 1 31 and its proof and from the proof 
of Proposition 17.21 Recall that we have an open set T D T in M containing 
N, which retracts onto N, and tp e C°°(A 2 T*T) such that dip = <p\ T . We 
may similarly construct open sets T(t) D T(t) in M, with T(0) = T, which 
contain N(t) and retract onto it, varying smoothly with t. We also have ip(t) S 
C°°(A 2 T*T(t)), with ^(0) = tp, such that d<ip(t) = <p\ T (t), using the fact that tp 
is exact on N(t). Again, the ip(t) vary smoothly with t. Formally, let 

s 

T(t)=f(t)u\JVi(t). 

i=l 

By making T{t) and Vi(t) smaller if necessary, T(t) will be an open set as stated. 
We may choose ip(t) such that 

Xi(ty(m) = l(v<Po) + 0(r*) 

on Vi(t) and then extend smoothly to a form ip(t) on T(t) as required. Define 

H 2 {a,t) = f a {t)* (m\N a(t ))- 

Then d(H 2 (a,t)) = F 2 (a,t). Moreover, by the same reasoning that Hi(a) E 
L p k » in the proof of Proposition 17.21 H 2 (a,t) lies in L v k A . Therefore, F 2 (a,t) 
lies in d(L p k X (A 2 T*N)). However, because F 2 (a,t) e L p A _ 1 (A 3 T*A>), the 
argument at the end of the proof of Proposition 17.21 implies that F 2 (a,t) S 
d(L p k+l x (K 2 T* N)) as required. □ 

We now define the obstruction space. 

Definition 7.8 From Propositions 17.31 and 17.71 since L 2 is a linear map on 
a finite-dimensional vector space, there exists a finite-dimensional subspace 
2 (N,X) of L\ X _ 1 (A 3 T* N) such that 

d(L p +lx (A 2 T*N)) = (d(L p +lx (AlT*N)) + L 2 (T f))®O 2 (N,X). 

We define 2 (N, A) to be the obstruction space for Problem 2. 
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Note 2 (N, A) may be chosen to be contained in 0\ (N, A) . 

Following the scheme for Problem 1, we let 

^ = ^ + i,A(^)x^. + i,A(A 4 T*7V)xf, 
X 2 = Ll +1X (A 2 + T*N © A 4 T*A>) © T t, 
Y 2 = 2 (N,\) C LP A _ X (A 3 T*7V) and 
^2 = d(Ll +l x (A 2 T*N)) ®d*(L p k+1 A (A 4 T*iV)). 

Recall that T C R" = ToT is open. Then AT 2 , F 2 and Z 2 are Banach spaces, U 2 
is an open neighbourhood of (0, 0, 0) in X 2 and hence W 2 — U 2 xY 2 is an open 
neighbourhood of (0,0,0,0) in X 2 xY 2 . Define Q 2 : W 2 — > Z 2 by: 

g 2 (a,0,t,i)=G 2 (a,f3,t)+7- 

Then dg 2 | 

(o,o,o,o) : A 2 x}j — > Z 2 acts as 

(a, /3, t, 7) i — ► da + d* (3 + L 2 (t) + 7. 

By construction, dQ 2 \ (0.0,0.0) is surjective and, using the fact that the image of 
dG 2 1 (0,0,0) meets V 2 at only, 

Kerdg 2 | (0i0j0i0) ={(a,/3,t,7) eX 2 xY 2 : da + d*/3 + L 2 (t) + 7 = 0} 
S{(a,/3,t) eA 2 : da + cP/3 + X 2 (i) - 0} S I 2 (JV, A). 

As for Problem 1, Theorem 14 . 51 gives us that KerC? 2 is a smooth manifold near 
zero which may be identified with an open neighbourhood A4 2 (N, A) of (0, 0) in 
1 2 (N, A). We can again define a smooth map n 2 : M 2 (N 7 A) — > 2 (N, A) such 
that Ker7r 2 is locally homeomorphic near (0, 0) to an open neighbourhood of N 
in Ai 2 (N, A). We thus have the following theorem. 

Theorem 7.9 Use the notation of Definitions \ 6.11\ \7.6] and \7.8\ There ex- 
ists a smooth manifold M. 2 {N, X), which is an open neighbourhood of (0,0) in 
1 2 (N,X), and a smooth map tt 2 : M 2 (N,X) — > 2 {N,\), with 7r 2 (0,0) = 0, 
such that an open neighbourhood of zero in Ker 7r 2 is homeomorphic to an open 
neighbourhood of N in A4 2 (N, A). 

We deduce that, if 2 (N, A) = {0}, the moduli space for Problem 2 is a smooth 
manifold near N of dimension dimZ 2 (A^, A) = dim2i(iV, A) + dimT, which we 
expect to occur for generic choices of N and the torsion-free G 2 structure on 
M. We shall see, in iJH that if we choose a suitable generic closed G 2 structure 
on M we may drop the assumption that N is generic and still obtain a smooth 
moduli space. 
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7.3 Problem 3 

We presume in this subsection that the reader is sufficiently familiar with the 
schemata we have used in the previous two subsections to be able to generalise 
them to Problem 3. This allows us to present a tidier treatment of the problem. 
Recall the notation of Definitions IQfl and 

Definition 7.10 The infinitesimal deformation space % 3 [N, A) for Problem 3 is 

J 3 (iV, A) = {(a, t, f) e (A 2 + T*N) © T f © T Q T : da + L 2 (t) + L 3 (f) = 0} 
S {(a,[3,t,f) e C?(A 2 + T*N ®A 4 T*N)®T Q T ©T ;F 

: da + d*p + L 2 {t)+L 3 (f) = 0}. 

By Proposition l6.28l 

l 3 {N,\)^{(a,p,t,f) eLl +l x (A 2 + T*N®A 4 T*N)(BT f(BT T 

: da + d*(3 + L 2 {t)+L 3 {f)=0}. 

In considering obstructions, we first have the generalisation of Propositions 
17^1 and 1771 

Proposition 7.11 F 3 (L p k+lx (U) x T x P) C d(L^ +1 A (A 2 T*7V)). 

The proposition is proved in a similar way to Proposition 17.71 and so we omit 
the details. The result leads us to define our final obstruction space. 

Definition 7.12 From Propositions 17.31 and 17. f fl since L 2 and L 3 are linear 
maps on finite-dimensional vector spaces, there exists a finite-dimensional sub- 
space 3 (N,X) of L\ X _ 1 (A 3 T* N) such that 

d(Ll +lx (A 2 T*N)) = (d(Ll +hX (A 2 + T*N))+L 2 (Tof) + L 3 (T T))(B0 3 (N,X). 
Wc define 3 (N, A) to be the obstruction space for Problem 3. 

Note We may choose our obstruction spaces such that 3 (N, A) C 2 (N, A) C 
Oi(iV,A). 

The use of the Implicit Function Theorem ( Theorem 14. 5JI in the derivation 
of Theorems 17.51 and 17.91 can be easily generalised to give the following. 

Theorem 7.13 Use the notation of Definitions \6.21\ \7.10\ and \7.12\ There 
exists a smooth manifold Ai 3 (N, X) , which is an open neighbourhood of (0,0,0) 
in I 3 (N, X), and a smooth map tt 3 : M 3 (N, A) — > 3 (N, A), with it 3 (0, 0, 0) = 0, 
such that an open neighbourhood of zero in Ker Tt 3 is homeomorphic to an open 
neighbourhood of (N, 0) in M 3 (N, A). 
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We deduce that, if C 3 (7V, A) = {0}, M 3 (N, A) is a smooth manifold near (N, 0) 
of dimension dim2"3(7V, A) = dim2"2(A^, A) + dim J 7 . Moreover, the projection 
map w^r : M.s(N,X) — > T is smooth near (N,0). We expect this to occur 
for generic choices of N and the torsion-free G2 structure on M. If we allow 
ourselves to work with closed G2 structures on M, we shall show in ^that we 
may drop our genericity assumptions for N and (ip, g) and still get a smooth 
moduli space. 

8 Dimension calculations 

We shall relate the expected dimension of the moduli space for Problem 1 to the 
index of d + d* as discussed in H5.2I Recall that p > 4, k > 2 and A G (1, 2) \ V. 

Definition 8.1 Define 

U m = {£, G L 2 (A m T*N) : d£ = d*£ = 0}. 
The Hodge star maps TC 2 into itself, so there is a splitting H 2 — 7i\_ © TL 2 _ where 

H± = n 2 nc°°(A 2 ± T*N). 

Let J = j (h^ s (N)\ , where H™(N) is the mth compactly supported coho- 

mology group on TV and j : H 2 S (N) — » H 2 R (N) is the inclusion map. If a, (3 G J, 
there exist compactly supported closed 2-forms £ and 77 such that a = [£] and 
j3 = [f]}. We define a product on J x J7" by 

aU/3 = / £A?y. (27) 

Suppose that £' and 77' are also compactly supported with a = [£'] and /3 = [77']. 
Then there exist 1-forms x ancl C such that £ — £' = d\ and 77 — 77' = d(. 
Therefore, 

/ £' A t/ = / (£ - <fr) A fa - d0 = / £ A 77 - d X A 77 - £' A c?C 
= / £ A 77 — d(x A 77) — d(f ' A C) = / £ A 77, 

as both x A 77 and £' A C have compact support. The product 1)2 7|l on J x J is 
thus well-defined and is a symmetric topological product with a signature (a, 6). 
By ^1 Example (0.16)], 7i 2 = J' and the isomorphism is given by £ 1— > [£]. 
Thus, dimWi = a and hence is a topological number. 
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Definition 8.2 Let 

(d+ +d*) x = d + d* : L p k+1X (A 2 + T*N © A 4 T*A>) -> L* ^(A^JV). 

By Definition 17.11 I\{N, A) is isomorphic to the kernel of this map. Define the 
adjoint map by 

(d* + + d)_ 3 -A = d* + + d : q +h _ 3 _ X (A 3 T*N) — » L« _ 4 _ A (A^T*A> © A 4 T*iV), 

where q > 1 such that 1/p + l/q = I and Z > 4. The cokernel of (d+ + c?*)a is 
then isomorphic to the kernel of (cfj_ + cZ)_3_a- 

Note The choice of Z > 4 in Definition 18.21 ensures that Lf +1 _ 3 _ x C_' 3 °_ A 
for0<a<4-^ = ^<lby Theorem IO 

We now study the dimension of the kernel and cokernel of (eZ + + 

Proposition 8.3 The kernel of (d++d*)-2 is isomorphic to TL\. Furthermore, 
if p, > -2 is such that (-2,//] n V = 7 dimKer (d + + cf% = dimft+. 

Proof. Using (JJJ and the Maximum Principle, 

U\ = {ae L 2 (A 2 T*N) n C°°(A%T*N) : da = d*a = 0} 
= {a G L 2 _ 2 {A\T*N) n C°° (A%T*N) : da = 0} 

S {(a, /3) G Lq, - 2 (A+T*iV © A 4 T*iV) : a G C*°°(A^r*A>), da + d*/3 = 0}. 

This gives the first part of the proposition. 

If -2 g P, [-2, /i]n2? = and thus, by Proposition!^?)! dimKer = 
dimKer {d + +d*)- 2 - 

Suppose now that — 2 G T> and that (a, /3) corresponds to a self-dual 2-form 
and 4- form on N which are subtracted from the kernel of (d + +d*) L , as v crosses 
—2 from below. By the work in ^] §3 & §4] this occurs if and only if (a, (3) 
is asymptotic to an 0{r~ 2 ) form £ on Cj, for some i, satisfying (d + eZ*)£ = 0. 
(The form £ is determined by an element of D(—2,i), using the notation of 
Proposition 15. 21 1 Therefore, (a, (3) is of order 0(p~ 2 ) as p — > and thus lies 
in i 2 . We deduce that (a,/3) G Ker (d+ + d*)-2, implying that the function 
k{u) = Ker (d+ + d*) v is upper semi-continuous at —2 by Proposition ED 

The second part of the proposition is thus proved. □ 

Proposition 8.4 If p, < —1 is such that \p, — 1) n T> = 0, the cokernel of 
(d-f- + is isomorphic to H^(N). 
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Proof. By Theorem 15.11 there exists a countable discrete subset V of rates v 
such that 

d + d* : L p +lu (A cvcn T*N) -> L P , u _ 1 (A odd T* N) (28) 

is not Fredholm. Clearly, V D V. For v £V with f < — 1, so that —3 — v > 
u-1, 

(A° dd T*iV) = (d + d*)(L p k+hiy (A cvcn T*N))(BJC, 
where /C is the kernel of the adjoint map 

d + d* : Lf +h _ L ,_ 3 (A odd T*N) -> L« _ I/ _ 4 (A even T*iV), 

for l/p+ 1/q = 1 and Z > 4, which is graded and closed under the Hodge star. 

If 7 G Z| ;I/ _ 1 (A 3 T*#) then (=1=7,7) G i£ i/ _ 1 (A odd T*7V) and hence there 
exist some 7 m e LjL-j u (A m T*N), for m = 0, 2, 4, and rj G /C such that 

(*7,7) = (rf + d*)(7o,72,74) + »7- 
By applying the Hodge star, 

(*7) 7) = (d + d*){*j4, *l2, *7o) + *V- 

Adding the above formulae and averaging gives: 

,/72 + *72\ . ,*{*Jo + 7i\ . - 
7 = ^—2— )+d [—^ )+V 

where fj G K. n L£ ^_ 1 (A 3 T*A r ). We deduce that 

Ll i/ _ 1 (A 3 T*N)= (d(^ +1)i/ (A^T*iV)) +( i*(Lf +l!i/ (A 4 T*Ar))) ©/C 3 , 

where /C 3 = /C n L p kl/ _ 1 (A 3 T*N). Moreover, for v£V',v < -1, 

d(^ +ljA (A 2 T*A0) - d(L£ +1 , A (A 2 + T*A0). 

We must surely have that the images are equal for v ^ 2?, ^ < — 1, as well. 
Thus, the cokernel of (d + + gP) m is isomorphic to the kernel of 

(d* + rf)- 3 - M = d* + d : Lf +1 _ 3 _ M (A 3 r*iV) — » L« _ 4 _^(A 2 T*N © A 4 T*A>). 

(29) 

Using as in the proof of Proposition 18.31 the kernel of (d* + d)_3_(_n = 
(d* +d)_ 2 is isomorphic to H 3 . By [HI Example (0.16)], W 3 = i^ R (7V) and the 
isomorphism is given by 7 1— > [+7], Since [/i, —1) n V = 0, there are no changes 
in the cokernel in [//, —1) by Proposition 15.61 Moreover, the dimension of the 
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cokernel is lower semi-continuous in [i at —1; this fact can be demonstrated 
using similar methods to those employed in the proof of Proposition 18.31 The 
result follows. □ 



By Proposition E21 (-2, -1] H X> = 0. Therefore, for any \i E (-2, -1], 

dimKer (d+ + d*)^ = dimH 2 + and dimCoker (d+ + <f% = 6 x (iV), 

using Propositions l8.3l and l8.4l Knowing the index of (d + +d*) fl for fi G (—2, —1], 
we can calculate it for all growth rates using Theorem 15. 51 

Proposition 8.5 Use the notation of Provositions W^ and \S7!\ If A € (1,2), 
A ^ T>, the index of (d+ + d*)\ is given by: 

md(d++d*)\=dimH%-b 1 (N) - d (^)- 

^e(-i,A)np 

However, the obstruction space Oi(N, A) given in Defmition l7.4l is a subspace 
of the cokernel of (d+ + d*)\, so we must relate their dimensions. 

Proposition 8.6 The following inequality holds: 

dim Ox (N, A) < dimCoker(d+ +d*) x -b 1 (N). 

Proof. From the proof of Proposition 17. 21 the image of 

(d + d*) x =d + d* : L p k+UX (A 2 T*N ®A 4 T*N) -► A _ 1 (A 3 T*iV) 

is characterised as the subspace of L p k X _ 1 (A 3 T*N) which is L 2 -orthogonal to the 
kernel JC of (d* + d)_3_A defined by 129fl . Furthermore, as noticed in the proof 
of Proposition 17.31 Image (d + d*)\ has finite codimension in L\ X _ 1 (A 3 T*N). 
Therefore, we may choose a finite-dimensional space C of smooth compactly 
supported 3-forms on N such that 

L l,x-i( A3T *N)= Image {d + d*) x ®C 

and so that the product C x K, — * R given by (7, rf) 1— > (7, r]) L 2 is nondegenerate. 

We may similarly deduce that the image of (d + + d*)\ is the subspace of 
L p k A _ 1 (A 3 T*7V) which is i 2 -orthogonal to the kernel K! of (d* + +d)_ 3 _ A . Then 
JC' D K. and K. consists of closed and coclosed 3-forms, whereas K! consists of 
3-forms 77 such that dr\ = d* + rj = 0. Hence, we may choose a subspace K." of 
KJ ', transverse to /C, comprising 3-forms which are not coclosed and such that 
K'=K®K". 
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The next stage is to extend C to a space C — C C" , where C" consists of 
smooth exact compactly supported 3-forms on N, such that 

L fe,A-i( A3r *^) = Image (d + + d*) A ©C 

and such that the product C" x JC" — > M given by (7,77) 1— > (i,v)l 2 IS nonde- 
generate, which is possible as K." comprises forms which are not coclosed. By 
construction, C" is a valid choice for Oi(N,X) by Proposition 17.31 Therefore, 

dimOi(iV, A) = dimC - dimC = dim Coker (d+ + d*) x - dim/C. 

If 7 lies in the kernel of (|29|l for rate \i = — 1 then 7 6 K. for A G (1,2) by 
Theorem l4.4l Thus, the map from /C to ^/^(iV) given by 7 1— > [=1=7] is surjective. 
This gives the result. □ 

We may now calculate a lower bound for the expected dimension of M.i(N, A) 
using Propositions 18.51 and 18.61 

Proposition 8.7 Using the notation of Provositions \5. e J\ and \5. 7| 

dimXi (N, A) - dim O x (N, A) > dim U\ - ^ d M- 

ft£(— i,A)nz> 

Recalling that the dimension of T given in Definition 16.121 is 21s, we derive 
analogous results for our other problems. 

Proposition 8.8 Using the notation of Definitions W!TB and W.2(A and Propo- 
sitions XSlA and \5. 7} 

diml 2 (N, A) - dim 2 (N, A) > dimW^. + 21s - dim H - ^ d(/i). 

fie(-i,A)ni> 

and 

6hal 3 (N, A) - dimC 3 (iV, A) > dimH 2 + + 21s - dimH + dim T - ^ d(p). 

fie(-i,X)nv 

We note that Propositions 15.31 18.41 18.61 and 18.71 imply the following bound 
on dim d (iV, A). 

Proposition 8.9 In the notation of Pronositions XE^ and \57\ 
dimO x (iV,A)< ^ d(ji) 
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We also know that, in Problem 2, we remove the obstructions which correspond 
to translations of the singularities and G2 transformations of the tangent cones. 
These obstructions occur, respectively, at rates and 1. Hence, d(0) > 7s, 
d(l) > 14s — dim H and we have the following stronger bound on the dimension 
of 2 (N, A). 

Proposition 8.10 In the notation of DeRnition \6. and Provositions \5. c A and 
dim 2 (N, A) < —21s + dim H + ^ d(/x). 

9 (/^-Closed 7-manifolds 

For our deformation problems we have assumed the ambient manifold (M, ip, g) 
is a G2 manifold; that is, M is endowed with a G2 structure such that dip — 
d*ip = 0. However, the results of McLean ^1 we have used, which are based 
upon the linearisation of the map we denoted F\ in Definition 16.51 still hold if 
this condition on ip is relaxed to just dip = 0. Thus, our deformation theory 
results hold if (M, <p, g) is a (yS-closed 7-manifold in the sense of Definition 12. 61 

Remark The effect of *ip not being closed on M means that coassociative 4- 
folds in M are no longer necessarily volume minimizing in their homology class. 
This does not, however, affect our discussion. 

The use of (^-closed 7-manifolds (M, tp, g) is that closed G2 structures occur 
in infinite-dimensional families, since the set of closed definite 3- forms on M, in 
the sense of Definition 12.31 is open. We show that we can choose a family T, 
in a similar fashion to Definition 16 . 201 of Problem 3, of closed G2 structures on 
M such that dim J" = dim d (TV, A) and, further, such that 3 (N, A) = {0}. In 
other words, we have enough freedom in our choice of T to ensure that dFa\ (0,0,0) 1 
as given in Definition KM maps onto d(L p k+l x (K 2 T* N)). Then M 3 (N,X) is 
a smooth manifold near (iV, 0) by Theorem 17.131 and ir^ : M3(N, A) — > T is a 
smooth map near (JV, 0). 

Sard's Theorem ^2 p. 173] states that, if / : X — > Y is a smooth map 
between finite-dimensional manifolds, the set of y £ Y with some x G / 
such that df\ x : T X X — > T y Y is not surjective is of measure zero in Y . Therefore, 
f~ 1 (y) is a submanifold of X for almost all y G Y. 

By Sard's Theorem, 7rT 1 (/) is a smooth manifold near (N, /) for almost all 
/ G P. As observed in Definition 16. 2 II 7r^ 1 (/) corresponds to the moduli space 
of deformations for Problem 2 defined using the G2 structure (ipf ,gf). Thus, 
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for any given N, a generic perturbation of the closed G2 structure within T 
ensures that A^-ZV, A) is smooth near N. 

We thus prove the following, which is similar to the result 7 Theorem 9.1]. 

Theorem 9.1 Let (M,ip,g) be a ip-closed 7-manifold in the sense of Definition 
\2.fH and let N in (M, (p, g) be a CS coassociative 4-fold at Zi, ■ ■ ■ , z s with rate A G 
(1, 2) \ T>, where T> is defined in Provosition \5. 2\ Use the notation of Definitions 
1 7. 4\ and \7.l3{ and Proposition \5.7\ Let m — dim 0\{N, A) and let T be an 
open ball about in K m . There exists a smooth family T — {((p* ,g^) ■ f G 3~} 
of closed G2 structures on M such that 0^{N, A) = {0}. Hence, the moduli space 
of deformations for Problem 3 is a smooth manifold near (N, 0) of dimension 
greater than or equal to 

dimft : ; + 21s-dimH + dime>i(N,A) - ^ d ^)' 

/ie(-i,A)nx> 

Moreover, for generic f G T , the moduli space of deformations in (M,<pf , gf) 
for Problem 2 is a smooth manifold near N of dimension greater than or equal 
to 

dimH+ + 21s - dimH - d(/i). 

(ue(-i,A)nxi 

Proof. Use the notation in the proof of Proposition 18. 61 Recall that we have a 
subspace JC" of Ll +1 _ 3 _ A (A 3 T*7V) consisting of forms 77 such that dn = d+n = 
but d*T] ^ 0. Moreover, 0\(N, A) can be chosen to be a space of smooth 
compactly supported exact 3-forms 7 such that (7, 77)^2 = for all n G JC" \ {0} 
implies that 7 = 0. Therefore JC" = (Oi(N, A))* and hence has dimension m. 

Let {771, . . . , r}m\ be a basis for JC" and choose a basis {dv\, . . . , dv m } for 
0\{N, A), where Vj is a smooth compactly supported 2-form for all j, such that 
{dvifTjj)^ — 5ij. This is possible because the L? product on Oi(N, A) x JC" is 
nondegenerate. For / = (fi, . . . , f m ) G K m define 

m 

Using the notation of Proposition 16.191 define ((pf,gf), for / in a sufficiently 
small open ball T about in ffi" 1 , to be a closed G2 structure on M such that 
S([<^|t]) = in H^ B (N) and — dvf. Recall from Definitions 16.241 and 

EH that we have a linear map L 3 : T T = R m -> d(L p k+h X (A 2 T*N)) arising 
from 0LF3I (0,0,0) • By construction, L 3 (f) — dvf for / G K m and hence L 3 maps 
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onto Oi(N,X). Proposition O and Definition EI3 imply that C 3 (N, A) = {0} 
as required. 

The latter parts of the theorem follow from the discussion preceding it and 
Proposition El □ 
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